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LONG-TERM ANALYTICAL PROPAGATION OF SATELLITE
RELATIVE MOTION IN PERTURBED ORBITS

Tommaso Guffanti; Simone D’Amico’ and Michéle Lavagnat

Many scientific applications require the implementation of satellite formation-flying in var-
ious orbits both around Earth and other planetary bodies. The design and guidance of these
new formations call for relative dynamics models able to accurately and efficiently incorpo-
rate secular and long-periodic effects of all relevant perturbations. This paper leverages a
quasi-nonsingular relative orbital elements state representation to devise a general methodol-
ogy to model both conservative and non-conservative effects on the satellite relative motion
in arbitrary eccentric orbits. By augmenting the state with force model parameters and Taylor
expanding the time derivative to first order in mean space, three new plant matrices capturing
the effects of solar radiation pressure, Sun and Moon third-body, and geopotential zonal har-
monics up to third-order are formalized. In addition, two new effects have been discovered
and modeled analytically in closed form. The first is the solar radiation pressure effect on
the relative eccentricity vector of formations in near-circular orbit. The second is the luniso-
lar third-body effect on the relative inclination vector of formations in near-circular near-
equatorial orbit. The new models are validated using numerical integration. Their accuracy
and computational efficiency, combined with the novel analytical insight, can be leveraged
for innovative relative orbit design and guidance.

INTRODUCTION

This paper responds to the need of modeling and comprehending the effects that natural perturbations have
on the satellite relative motion in arbitrary orbital regimes. It focuses on solar radiation pressure (SRP), Sun
and Moon third-body, and second and third-order zonal harmonics of the geopotential (Jo and J3). SRP and
lunisolar third-body effects on the relative motion are often neglected by the current literature. This is due to
the fact that they become significant in orbital regimes in which formation-flying has not been implemented
yet. Nevertheless, future applications will extend the formation-flying implementation scenarios, requiring
the modeling also of these perturbations.

To date, satellite formation-flying has been mainly implemented in low Earth orbit (LEO) by the missions
GRACE,' TanDEM-X? and PRISMA.?> Moreover, NASA recently launched the Magnetospheric Multiscale
(MMS) mission,* which includes a formation of four satellites in an elliptical orbit. However, the variety of
scientific applications and the mission costs reduction due to the intrinsic adaptability to satellite miniatur-
ization make of great interest the application of formation-flying to new orbital scenarios using smaller space
buses. The most relevant examples are proposed future missions around Earth as the ESA’s PROBA-3,3 the
Space Rendezvous Laboratory’s (SLAB) Miniaturized Distributed Occulter/Telescope (mDOT).,® on-orbit
servicing applications in geostationary orbit (GEO) and others.” In addition, a couple of miniaturized low-
mass low-power demanding spacecraft equipped with a synthetic aperture radar can be exploited for bi-static
mapping other planets or moons of the Solar System (e.g. Saturn’s moon Titan).® The orbital perturbations
that would affect the satellite relative motion in high or highly elliptical orbits around Earth or around other
planets are of various types (e.g. geopotential, third-body and SRP) and magnitude (e.g. mapping a planet
closer to the Sun or a moon orbiting around a very massive central attractor). As a consequence, in order to
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design and guide the future formation-flying missions, more comprehensive relative motion dynamic models
are necessary. These models have to include all the relevant perturbations, while providing the propaga-
tion accuracy and computational efficiency required by the on-board resources available on the miniaturized
buses. In addition, a more extensive understanding of how all the different types of perturbations affect the
satellite relative motion is needed in order to exploit at the maximum the perturbing environment and reduce
the control mass required in orbit. In this sense, analytical models can be leveraged for mission design opti-
mization.

Linear dynamic models of the satellite relative motion affected by orbital perturbations are well known in
literature and have been extensively exploited in real space missions application scenarios. Using a Cartesian
representation of the relative motion, Schweighart and 1zzo%'° expand on the Hill-Clohessy-Wiltshire model
for formation in unperturbed near-circular orbit,'! by including first-order secular effects of J, and differ-
ential drag. The Yamanaka-Ankersen model'? for linear propagation of the relative position and velocity in
eccentric orbits instead does not include perturbations. The inclusion of perturbations is simplified by the
use of a relative state with components that are non-linear combinations of the Keplerian orbital elements
of the two spacecraft in formation, which hereafter are called Relative Orbital Elements (ROE). This state
varies slowly with time and allows the use of astrodynamics tools such as the Lagrange and Gauss varia-
tion of parameters (VOP) form of the equations of motion'? to be leveraged to include perturbations. To
date, the literature that exploits this state representation mainly focused on the inclusion of the effects of J,
and differential drag which are the more relevant in the orbital regimes of the currently launched or planned
formation-flying missions. In particular, contributions can be divided in two general tracks. The first one
originates from the work of Gim and Alfriend which formalized a State Transition Matrix (STM) including
first-order secular and osculating J, effects on the relative motion in arbitrary eccentric orbit.'* This STM was
used in the design process for NASA’s MMS mission'> and in the maneuver-planning algorithm of NASA’s
CPOD mission.'® A similar STM was later derived for a fully nonsingular ROE state'” and more recent works
have included higher-order zonal geopotential harmonics.'®:'” However, this approach has not yet produced
an STM including non-conservative perturbations. Meanwhile, researcher at SLAB and collaborators have
worked independently to develop models using a different ROE state. Specifically, D’ Amico derived an STM
which captures the first-order secular effects of J, on formations in near-circular orbits® in his thesis. This
model has since been expanded by Gaias et al.?!»?? to include the effect of time-varying differential drag
on the relative semi-major axis and on the relative eccentricity vector. This state formulation was first used
in flight to plan the GRACE formation’s longitude swap maneuver?® and has since found application in the
guidance, navigation, and control (GN&C) systems of the TanDEM-X?* and PRISMA? missions as well as
the AVANTI experiment.”> More recent work of Koenig and the first two authors of this paper®® presents
STM including both first-order secular J5 effects and differential drag in orbit of arbitrary eccentricity for
three different ROE representations, extending and harmonizing the previously mentioned works of Gaias
et al.??> and Gim-Alfriend.'*!” Attempts to model the effects of Sun and Moon third-body and SRP also
exist in literature. Regarding the third-body, Roscoe et al.?’ exploited the double-averaged equations of the
lunar gravitational perturbation for modeling its effects on the differential Keplerian elements. Spiridonova et
al.?8:% focused on the on-orbit servicing scenario in GEO and modeled the effects of SRP and Sun and Moon
third-body on the quasi-nonsingular ROE for a formation in near-GEO. The SRP in particular is modeled in
the Cartesian Earth-Centered-Inertial (ECI) frame as a differential perturbing acceleration purely dependent
on the ballistic coefficient difference between the satellites and subsequently applied to the ROE state through
linear maps. A more comprehensive survey of spacecraft relative motion dynamics models is presented by
Sullivan et al.*

What the current literature does not provide is a general methodology able to include both conservative and
non-conservative perturbing effects on the relative motion in arbitrary eccentric orbit. Following the research
track started by D’Amico in his thesis,?’ this paper contributes to the state-of-the-art by formalizing this
general methodology. More in detail, a first-order Taylor expansion of the time derivative of the ROE state
augmented by the satellites ballistic coefficient differences is performed to formalize plant matrices that link
the quasi-nonsingular ROE state with its variation including both conservative and non-conservative pertur-
bations. In particular, the paper presents three new plant matrices that model the effects of SRP, Sun and
Moon third-body and geopotential zonal harmonics up to third-order on the quasi-nonsingular ROE. The in-



clusion of the considered perturbations is permitted by leveraging the formulations of Liu and Alford?!-
and Cook,* which express the mean orbital elements variations due to J, and J5 effects and lunisolar effects
correspondingly. The use of mean elements, obtained by averaging over the satellite orbit the short-period
oscillations, finds fruitful application in relative motion propagation due to the fact that the short-period vari-
ations cancel-out largely when differentiating the absolute states. Differential drag can also be handled but
it is not here further analyzed considering the extensive work presented by Gaias et al.>> and Koenig et al.?
The analytical insight provided by the new linear models is exploited to get information on the ROE variation
under the analyzed perturbations. In particular, from the SRP and third-body plant matrices, two new reduced
models are extracted which retain the most significant effects of the two perturbations on the ROE. Integrat-
ing in time, a circulation of the relative eccentricity vector in its phase space for formations in near-circular
orbit due to SRP, and a rotation of the relative inclination vector of formation in near-circular near-equatorial
orbit due to Sun and Moon third-body, are discovered and modeled analytically. Finally, the new dynamic
models are validated with respect to numerical integration of the equations of motion with perturbations, and
their accuracy and computational efficiency is assessed.

STATE DEFINITION

Consider without loss of generality a formation composed by two satellites, a chief and a deputy. The chief
satellite is taken as the reference of the formation. In the ECI reference frame the set of quasi-nonsingular
chief orbital elements is ). The relative motion of the deputy satellite with respect to the chief can be
parametrized through a set of quasi-nonsingular Relative Orbital Elements (ROE),?° §x, which are a non-
linear combination of the absolute orbital elements
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where e = (e, e,)" is the eccentricity vector and u = w+ M is the mean argument of latitude. The subscript
”d” is introduced to denote quantities related to the deputy satellite. The semi-major axis difference, da , has
been normalized through the chief semi-major axis to have dimensionless quantity. J\ is the relative mean
longitude between the satellites. The other four terms define the relative eccentricity and relative inclination
vectors, which in polar coordinates are
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The norms of the two vectors de and §i have not to be confused with the arithmetic differences of eccentricities
and inclinations of the deputy and chief orbits. The phase angles of the two vectors ¢ and 6 are termed the
relative perigee and relative ascending node respectively, but they do not equal the arithmetic differences of

the corresponding angles. The general linearized relative motion of the deputy satellite relative to the chief
for arbitrary eccentricities in a Keplerian two-body problem is provided in terms of ROE as

OA(t) = —=1.5n(t — tg)dag + oo @)
Where n is the chief mean angular motion, and the subscript ”0” indicates the quantities at initial time.

REVIEW OF PERTURBED ABSOLUTE DYNAMICS

The analytical expansion method to solve the equations of motion with perturbations is based on the deriva-
tion of averaged equations of motion in mean orbital elements.'3-3* Such method usually relies on the analyti-
cal series expansion of the perturbing accelerations or disturbing potential functions, which are then truncated
and inserted in the Lagrange or Gauss VOP. The resulting expressions are then integrated over one orbital



period to isolate the secular and long-periodic terms, averaging out the short-periodic ones. The fundamental
averaging equation is

1 27
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where (x;) is the averaged equation of an orbital element Y, that is perturbed by a disturbing force. A
wide literature about these models exists. This paper focuses on two specific works, the one of Liu and
Alford3!+32 for the second and third-order zonal harmonics of the geopotential (J, and J3) and the one of
Cook™? for the lunisolar perturbations. The analytical formulations of these models are reported in Appendix
A. A detailed description of the models underlying hypotheses is presented in the following, together with
the few simplification assumptions considered in order to derive the plant matrices. All the most significant
effects are included in the plant matrices, as will be verified later in the paper comparing with the numerical
propagator.

Regarding the geopotential perturbation, Liu and Alford provides the rates of variation of the six mean orbital
elements due to the zonal harmonics J» and J3. They include the first-order secular drifts of the right ascension
of ascending node (RAAN, (), argument of perigee (w) and mean anomaly (M), induced by the even zonal
harmonic Jo, and the long-periodic variations induced by J3 on e, 4, €2, w and M. Their model has no
limitation in orbit eccentricity, but becomes singular for the circular case in the J3 terms of w and M and for
the zero inclination case in the J3 terms of 2 and w. The variations in w and M tend to cancel and therefore
the argument of latitude is almost not affected by J3, in particular when the orbit is nearly circular.’* The
effect of J; on u has been neglected during the J3 plant matrix derivation.

Regarding the Sun and Moon third-body perturbation, Cook inserts the disturbing potential (limited to the
second term in the Legendre polynomial expansion) of a third-body in circular orbit in the Lagrange VOP
neglecting the high-order terms in r/r3, where r and r3 are the radial distance from the Earth of the satellite
and disturbing body respectively. As next step, he averages over the satellite orbital period providing the
rates of change of the mean orbital elements including both secular and long-periodic effects. His model has
no limitations in orbit eccentricity, but becomes singular for the zero inclination case in the terms of ) and
w. Moreover, the model decreases in accuracy with increasing r/rs, therefore it can be reasonably applied
to orbits with semi-major axis not exceeding one tenth of the Moon’s distance from the Earth. In addition,
considering that the mean motion of the disturbing body is much smaller than the satellite one, the third-
body is hypothesized fixed within each averaging period. Analyzing more in detail the effects on the orbital
parameters, the only secular changes induced by third-body are in €2 and w. Long-periodic effects are instead
present in i, €2, e and w. In Appendix A and in the third-body plant matrix derivation, both the secular and
long-periodic rates of change in ¢ and € are considered. Whereas, only the secular variation of w related to
the Q drift is included, neglecting long-periodic effects on e and w themselves. No expression for the fast
variable under the third-body action is provided, which is therefore considered in the following as expressed
in Appendix A.

Regarding the SRP perturbation, Cook inserts the radial, transverse and normal components of the disturbing
force evaluated at the perigee as if the perigee is in Sun-light in the VOP equations. Then, neglecting the
effect of eclipses, he averages over the satellite orbital period providing the rates of change of the mean
orbital elements. His model has no limitations in orbit eccentricity, but becomes singular for the circular case
in the term of w and for the zero inclination case in the terms of €2, w and M. SRP induces long-periodic
variations in all orbital elements, with the most significant on e and w. The period of the variations is related
to the motion of the Earth about the Sun, so it can be as long as a year. The net effect on the semi-major
axis, for an orbit entirely in Sun-light is zero. The SRP disturbance is proportional to the ballistic coefficient
(Bsrp) of the spacecraft, therefore, more and more relevant as much the spacecraft’s mass is lower and the
surface area is large and reflective.

These analytical dynamic models permit to propagate the secular/long-periodic variations in time of the mean
orbital elements with an interesting trade-off of propagation accuracy and computational efficiency, as will be
highlighted comparing with the numerical propagator. Moreover, the analytical expressions provide useful
insight on the absolute perturbed motion geometry which can be leveraged for various purposes as orbit
design. In the following of the paper, these qualities are applied and extended to the propagation and analysis
of the relative perturbed motion.



PLANT MATRIX DERIVATION METHODOLOGY

The objective is to formulate a plant matrix, A,, for relative motion propagation, including all the con-
sidered perturbations exploiting the analytical models introduced in the previous section. From Eq. 2, the
derivative in time of the ROE state is given by
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In general, the perturbations that cause a variation of the orbital elements are of two types, conservative and
non-conservative. In the first case, the differential perturbing effect on two satellites in formation depends on
the orbit geometrical differences, 5.x(5 x)- In the second case, the differential perturbing effect depends also
on the difference between satellites features, represented as ballistic coefficient difference, 6}((6){, AB). In
order to formalize the plant matrix, it is necessary to make these relations explicit and linearize them.

Firstly, the deputy satellite orbital elements can be expressed as a function of the chief ones and of the ROE,
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Secondly, the deputy satellite ballistic coefficient can be linked to the one of the chief and to the ballistic
coefficient difference
B, =B+ AB. (8)

B is the generic ballistic coefficient, and can be related either to the SRP or to the atmospheric drag. Fi-
nally, the dependence of the state variation from the state itself and the ballistic coefficient difference can be
expressed explicitly as
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This relation can be linearized. Taylor expanding 6x to the first-order in the neighborhood of éx = 0
provides

A6x
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The term 6}((0, AB) is different from zero if any difference in ballistic coefficient between deputy and chief
satellites is present. Nevertheless, the relation that links the ballistic coefficient difference with the state
variation is linear, therefore it is possible to define a new state x = [dx!, AB]* for which the previous
expansion becomes

X% (11)
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AB is the generic ballistic coefficient difference and can be related either to the SRP or to the atmospheric
drag. In case of differential drag, Koenig et al.2® propose also a different approach by incrementing the rela-
tive state by the relative semi-major axis and eccentricity vector components time variations, obtaining very
good performances. Eq. 12 represents the general plant matrix, with size [7 X 7]. The upper left [6 x 6] block
contains the terms that relate the ROE with their variations and will be filled by the conservative perturbing
effects (geopotential and third-body) and by that contribution of the non-conservative perturbing effects (e.g.
SRP) that only depends on the orbital geometrical differences (considering equal ballistic coefficients). The
upper right [6 x 1] column will instead contain the linear relations that exist in between the ROE variations and
the ballistic coefficient difference and will be filled only by the non-conservative perturbing effects. By tak-
ing into account the dependence of the different terms in 6 from the ROE and from the ballistic coefficient
difference, the seven columns of the plant matrix can be expressed in a compact form as
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where 6}, for j =1,...,7, is the Kronecker delta. The equations in Appendix A for the deputy and chief satel-

lites, reformulated in terms of quasi-nonsingular orbital elements, are substituted in Ody , Qug ,
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tives, the plant matrices related to each considered perturbing effect are formalized. Finally, considering that
the models in Appendix A are independent from one another (i.e. the formulations for geopotential, third-

body, SRP are distinct), it is possible to apply the superposition principle for each orbital parameter variation
and write for the full state
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By defining the complete plant matrix A that maps the state vector in its variation as superposition of the
Keplerian and perturbative contribution the state equation becomes

ox = A- 0% = (Akepl. + Ap) - 6% (15)
where A .. is obtained by substituting the time derivative of Eq. 4 in Eq. 12. The range of applicability

of the linear model just formalized can be assessed by looking at the second-order terms truncated by the
first-order Taylor expansion
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The truncated terms contain both square and mixed products of the state elements. Considering that the

linearization is effectuated in the neighborhood of dx = 0, it holds for small ROE. The relation that links Jx
2 o~

with A B is linear, therefore the second order partial derivative % 5 is zero and no terms containing

x=0

AB? are present. The linear model is therefore valid for arbitrary large ballistic coefficient difference as long
as the ROE are small and guarantee small mixed products §x; AB (for j = 1, ..., 6). In addition, the equations
in Appendix A are averaged over the satellite orbit, therefore they don’t depend from the fast variable and the

plant matrix column ‘Z)‘%f is zero. Avoiding the linearization with respect to d A implies the validity of
6%=0

the linear model also in case of big relative mean longitude, which is important considering its linear increase
in case of not null initial condition on the relative mean semi-major axis. Anyway, the previous approach is
general and if equations that include also short-periodic terms are considered, they will determine a second
column different from zero. In this case, the linear model would be valid only for small §\ that guarantees
small truncation errors proportional to dAdx; (for j =1,...,7).

LINEARIZED PERTURBED RELATIVE DYNAMICS

Following the methodology explained in the previous section, the plant matrices for Jo, J3, Sun and Moon
third-body and SRP have been computed and are reported in Appendix B. The plant matrix for J5 is consistent
to the one obtained by Koenig et al.?® The other three have been newly derived. By looking at the null
matrices’ rows, it is possible to individuate the ROE that are unaffected by a specific perturbing effect. The
range of applicability of each linear model is instead assessed by looking at the second-order terms truncated
by the first-order Taylor expansion. The results are summarized in Tab. 1. In particular, J affects all ROE

Table 1: Affected ROE and required small state elements for linearization validity.

Affected ROE Required small state elements
da 0N ey Oey Ol Oy 6a O\ de, Jey Oip 0ty ADB
Iz X X X X X X X X
I3 X X X X X X X X X
TB X X X X X X X X X X
SRP X X X X X X X X X X

with the exception of §a and di,., in consistency with the literature.”> Sun and Moon third-body, SRP and J3
affect all ROE with the exception of da. Regarding the ranges of applicability of the linear models, Jo and Jg
plant matrices are valid for small separations in da, de;, de, and Ji, but arbitrarily large separations in JA
and 67,. Sun and Moon third-body and SRP plant matrices instead are valid for small separations in all the
ROE with the only exception of §A. For SRP in addition, the linearization with respect to AB imposes no
constraints on its magnitude as long as §; (for j = 1,3, ..., 6) are small. All the plant matrices in Appendix
B are time-variant. The time dependency relations are summarized in Tab. 2. Analyzing case by case, the

Table 2: Plant matrices time dipendency.

Time dependency
at) e(t) w(t) i(t) Q) Ysun(t) Varoon(t) Berp(t)

I X
I3 X X X
TB X X X X X
SRP X X X X X X

J5 plant matrix time dependency is associated with the variation of the chief eccentricity vector components
(e; and ey) related to the secular drift of w. In this case, Koenig et al.2® recover a time-invariant form by
applying a simple rotation of the relative state of w. The J3 plant matrix varies in time due to the long-periodic



oscillations of e, ¢ and w. The third-body plant matrix contains chief parameters that vary on the long-period
or secularly (¢, 2 and w), and the third-body ephemerides that vary in particular in the fast variable (u3).
Finally, the SRP plant matrix time dependency is associated with the long-periodic variations of e, 7, {2 and
w, the variation of the Sun ecliptic longitude (\s), and the variation of the chief satellite illuminated area
included in B,,,. For both J3, third-body and SRP plant matrices no direct intuitive linear transformation
can be found to recover a time-invariant form. The formalized linear models have no limitation in orbit
eccentricity and don’t suffer of singularity in the circular case thanks to the reformulation of the equations
in Appendix A in terms of quasi-nonsingular orbital elements prior to linearizing. Singularities in the zero
inclination case remain instead in the J3, third-body and SRP plant matrices.

The total geopotential plant matrix is expressed as superposition of J, and J3 plant matrices, as

Ageop(X(1)) = Ageop,, (X (1)) + Ageop,, (X (1)) + O0X;0Xi) j/i=1,3,4,5 (17)

The total third-body plant matrix is expressed superimposing the Sun and Moon third-body plant matrices,
obtained by inserting the specific ephemerides, as

Agran(X(0),73(8)) = Agrang, X0, Y 50n (D) + Ay, (X Vaso0n () FOBT;5%:) /i = 1,3,...,6
(18)
The SRP plant matrix is instead

Agrp(X(t), As(t), Bsrp(t)) = Asrp(X(t), As(t), Bsrp(t)) + O(dX;0X:) j=1,3,...,61=1,3,...,7 (19)
Finally, by superimposing the previous matrices the complete perturbative plant matrix is

Ap(t) = Ap(X(1), Ysun (8)s Yat00n (1) Bsrp(t)) = Ageop(t) + Agrap(t) + Asrp(t) + O(0X;0X:)

. . (20)
j=13,...,6 i=1,3,...,7

The system expressed in Eq. 15 is therefore Linear Time Variant, since a constant Keplerian plant matrix is
superimposed to a time varying perturbative plant matrix.

Relative Perturbed Motion Propagation

In order to propagate the motion using the formalized plant matrices, the state transition matrix (STM) that
maps the state vector at time ¢y in the state vector at time ¢ ; has to be formulated. Since the models are defined
in a mean orbital elements space, within each orbital period the plant matrices time dependency is confined
in the time varying Sun and Moon ephemerides and B,,,,. Considering as approximation hypothesis both the
Sun, the Moon and B, fixed within each chief satellite orbital period, the complete plant matrix becomes
constant and the system in Eq. 15 becomes Linear Time Invariant in the interval. Therefore, for a time step
[ti, ti+1] such that t; 1 — ¢; = T; (where T; is the chief orbital period in the time interval considered), the
STM that maps the state vector at time ¢; (§:x(¢;)) in the state vector at time ;1 (0x/(t;+1)) is

D(tigr,t) = A - T +1 21

where A, is computed using the chief mean orbital elements, the Sun and Moon ephemerides and B, at
time t;. I is the identity matrix. The propagation from the initial condition to the final condition can therefore

be built as
N-1

Sx(ty) = ®(t,to) - 6x(to) = [ ®(tita.t:) - 0x(to) (22)
=0

with N = mt(@) At each step, the chief mean orbital elements, the Sun and Moon ephemerides and

By, are updated. This approach can be simplified if the propagation is performed for a smaller time interval
in which the time varying parameters don’t change significantly, as

ox(ty) = ®(ty,to) - ox(to) = [Ao - (tf —to) + I] - dx(to) (23)

where Ag is computed at time ;.



Solar Radiation Pressure Reduced Model

It is of interest to isolate the most significant terms in the SRP plant matrix presented in Appendix B. This
permits to obtain simplified expressions with a direct insight on the perturbed relative motion geometry, which
can be leveraged for relative orbit design and guidance. Moreover, this will help giving an interpretation to the
numerical validation of the model. The SRP plant matrix models the differential perturbing effect due to both
orbit geometrical differences (upper-left [6 x 6] block) and ballistic coefficient difference (upper-right [6 x 1]
column). Considering the distance between the satellites and the Sun, the two chief-Sun and deputy-Sun
relative position vectors are almost coincident and the chief-deputy orbit geometrical differences seen by the
Sun are very small. Therefore, the contribution related to the ballistic coefficient difference is predominant by
order of magnitudes and can be isolated neglecting the rest, as assumed also in the model of Spiridonova.?8:>
In addition, the most significant yearly-periodic variations induced by SRP are on e and w. The two terms in
the last column which model the effects on the relative eccentricity vector components due to a pure ballistic
coefficient difference can therefore be extracted from the SRP plant matrix. Moreover, in order to further
simplify the formulation, the hypothesis of near-circular chief orbit is introduced and the terms proportional
to €2 are neglected. The resulting rates of variation of the relative eccentricity vector components are

< 5é, ) 3 Furp jon B( €2 i SI( — Ny (1)) + 525 $in(Q + As(1)) — sesi sin(As (1)) ) o

de, 2 i 02/2 cos(Q — As(t)) + 52/2 cos(Q + As(t))
where Fy,, = Pscun(i:w)2, Lo 1?::’51?(’)‘;‘%72 , fSun ~ 1 orasin Chao,** ¢ = 23.44°, sin(-) = s.

and cos(-) = c.. Approximating the chief ¢ and 2 as constant, the only time varying contribution is the Sun
ecliptic longitude, A\, (¢). As a first approximation, it can be modeled as an angle which linearly varies of 360°
in one year with a law of variation as A\;(t) = nst + A, o, Where n, = 27/1y. Given these approximations,
Eq. 24 can be integrated exactly from ¢y to ¢, providing

56;;(1‘) _ (561,0 3 F@'rp
( dey(t) ) B ( dey0 ) 3 2.\/pn s\[AB
cf/Qci[cos()\s(t) — Q) —cos(As0 — Q)] — 32/202- [cos(As(t) + Q) — cos(As,0 + Q)] + sesi[cos(As(t)) — cos(As,0)]
. c2/2[sin()\s(t) — Q) —sin(As0 — Q)] + 53/2[sin()\s(t) + Q) —sin(As 0 + Q)]
(25)
If we neglect the smaller terms proportional to sf /2 and we introduce the further hypothesis of equatorial
orbit, Eq. 25 can be further simplified as

dex(t) \ _ cos(nst + @) — cos(Py) 5€s.0
( dey(t) ) =R < sin(nst + ®g) — sin(Pg) T Sey.0 (26)
where
Fy, cE
3 P /2fAB Bo = Aoo— O o

T2 NIULE
The relative eccentricity vector circulates in one year of 360° starting from its initial condition as depicted in
Fig. 1. The circulation size (R) is proportional to the square-root of the chief orbit semi-major axis and to the
ballistic coefficient difference. The circulation center position (®g) is related to the angle between the Sun
ecliptic longitude at initial time and the chief € (approximated as constant). The exact circular shape is lost
when including terms in inclination (Eq. 25) and higher-order terms in eccentricity (Appendix B), but, as will
be shown in the following of the paper, the propriety of running close elliptical paths in one year remains. A

similar motion of the absolute eccentricity vector in its phase space was previously analyzed in literature by
Chao.*

Sun and Moon Third-body Reduced Model

As done in the previous paragraph, it is of interest to isolate the most significant terms in the third-body
plant matrix presented in Appendix B. First of all, the third-body out-plane effect is generally predominant
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Figure 1: Relative eccentricity vector yearly circulation in near-circular equatorial orbit due to SRP (eclipses
neglected).

with respect to the in-plane one. Therefore, the third-body action on the relative inclination vector compo-
nents can be isolated. It is relevant to remember that third-body affects also w and e, which induces effects
on the relative eccentricity vector. Nevertheless, these effects are less significant than the ones on the relative
inclination vector as will be highlighted by comparison with the numerical propagator. In order simplify
the formulation, the analysis can be restricted to the near-circular case by neglecting all the terms propor-
tional to e2. Moreover, the third-body plant matrix comprises periodic oscillations related to the third-body
fast variable ug, the formulations can be further greatly simplified by averaging over uz as i fo% -dus.
The doubly-averaged rates of variation of the relative inclination vector components in near-circular orbit,
extracted from the third-body plant matrix, are

j=1
—852i; sin(Q — Q) + cis2 sin(2(Q — Q;)) %ﬁs% cos(Q2 — Q) + 23?} cos(2(Q2 — Q;)) iy
—s2(1— 3622]) - Msm cos(Q — Q) — 5252 cos(2(2 — y))  sis2i; sin(Q — Q) — cis?j sin(2(Q — Q;)) < 0ty >
(28)

The summation is performed over the Sun and the Moon, y; is the third-body standard gravitational param-
eter, r; is the third-body distance from the Earth center, n is the chief satellite mean motion, sin(-) = s. and
cos(-) = c.. In case of near-equatorial chief orbit, Eq. 28 can be further simplified by neglecting the terms
proportional to s? on the bottom-left. The system of first-order differential equations expressed by Eq. 28 is
time-variant. This is related to the third-body action on the chief ¢ and (2, and to the slight variation in time
of the third-body ephemerides 7; and {2;, the Moon node line in particular precess in time. The two angles
21—, therefore vary in time and they can both assume the values 0° or 180°. In this case, for near-equatorial
chief orbit, Eq.28 simplifies to

. 2 )
Siz \ _ 3N~ My 0 % 89i, + 257, biy
( (5i.y ) N gz rn [ $%Szij 0 ’ Oty (29)

j=1"17

Where the up and bottom signs are referred to the case of 2 — §2; = 0° and €2 — Q; = 180° correspondingly,
which relate to either a parallel of anti-parallel alignment of the chief and third-bodies node lines, and derive
from the cosines terms in Eq. 28. In Eq.29, the alignment of the apparent Sun, Moon and chief satellite orbit
node lines is considered simultaneous in order to keep in the model the full lunisolar effect. Nevertheless,
Eq.29 can be specified for the Sun and the Moon separately in case in which the two alignments take place
at different times. The analytical procedure presented in the following is valid in both cases. The model in
Eq.29 is still time-variant in 4 and 4. Nevertheless, considering average values of ¢ and 4; over the propagation
time, the equations of 4%, and 47, can be decoupled by derivating in time and substituting in one another.
The resulting two second-order differential equations are

bz = % 5 [ (s, o+ 257)] 00 (5% (F S04, 10 = Oy + ©°0iy = 0

rin ‘ o 30)
By — & S [ (F S s, )] zj aE n(iCz sai; +252)]6i, = 6iy + ©%6i, = 0 (
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For the Sun and the Moon, the terms containing 52 are smaller than the terms containing sg;;, which in
addition are amplified by £, significant in the near-equatorlal case. Therefore, © is positive and the two

equations represent two harmomc oscillators. The initial conditions are: 74,0, 0%y,0, (62%0) and (52%0).
The initial conditions on the first-order time derivatives can be linked to di; o and i, ¢ through Eq. 29.
Integrating results in

823 1 3 L (£ 1921 +2€7)

rin

( 5 (1) ) _ Cos(@t) = "~ sin(©1) ( 52‘;,g ) 31)

diy (1) § 00 o (Fitsay) . ) 01y,
Y s 3@ sin(©t) cos(Ot) Y
with
3 2 B 2
Hi
D NE: 52“ +2s2 Z S sa)] (32)
-8 o = 7~ S

Neglecting the smaller terms containing s?j, the model further simplifies to

( B (1) ) _ [ cos(61)  sin(61) } ( iz 0 ) (33)

8iy (1) Fsin(Ot)  cos(O1) diy,0
with
3 Wi C; 3 u c 3 u c
©=0., +6 :,Zifi - Sqm; +,M; 34
Sun Moon S =~ T??’L s; 82i; = 8 rSunn s S2isun ) T‘Moonn s; $2iproon (34)

which represents a rotation of the relative inclination vector, either clockwise in the 2 — Q; = 0° case
or counterclockwise in the {2 — €2; = 180° case, as depicted in Fig. 2. The rotation rate depends on the
chief orbit inclination (which is assumed small for the near-equatorial assumption), chief orbit size, third-
body orbit inclination, mass and distance from the Earth. Moreover, under the hypothesis of simultaneous
alignment of the two third-bodies and chief orbit node lines, the rate is a superposition of a component due to
the Sun and a component due to the Moon. In case of not simultaneous alignment, the rotation of the relative
inclination vector due to the Sun and the rotation due to the Moon don’t superimpose istantaneously but take
place at different times. A similar motion of the absolute inclination vector in its phase space for a GEO was
previously analyzed in literature by Chao.** Differently from the absolute case, the presented relative motion
model identifies the presence of either a clockwise or counterclockwise rotation of the relative inclination
vector, in correspondence of either a parallel or anti-parallel alignment of the chief and third-body orbit node
line.

Olyy Q; =0° Oy Q- Q; = 180°
,,_--_\\ ,—’-_‘\(;):@S’U,TL+9MOG’IL
/,’ 3 ((5%_’0, (5’L'y,0) ,/ \(6iz,07 5iy,0)
'II 90 \\l 0= @Sun + ®M00n 'Il 90 “l
I\ " 6Z1¢ I\ " 61@

Figure 2: Relative inclination vector rotation in near-circular near-equatorial orbit due to Sun and Moon third-
body effect.
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VALIDATION AND PERFORMANCE ASSESSMENT

The validation reference numerically integrates the equations of motion with perturbations for both the
chief and deputy satellites. Tab. 3 describes the numerical solver and the assumptions made for expressing
the perturbing accelerations. The ground-truth identified by the numerical propagator replicates the main

Table 3: Numerical solver.

Integrator Explicit Runge-Kutta (4,5) (Dormand-Prince).
Variable step = [5, 15]s or [30, 60]s

SRP Constant satellite cross-section normal to the Sun, no eclipses.

Third-body Lunar and solar point masses, analytical ephemerides.

Geopotential Jo and/or Js.

hypotheses taken to formalize the analytical models, e.g., no eclipses for SRP, no atmospheric drag and only
Jo/J3 components for the geopotential. This permits to isolate the errors intrinsic to the linear analytical
modeling with respect to the numerical integration, without mixing with the further inevitable errors associ-
ated to perturbative components that are not modeled in this paper (e.g. eclipses effects, differential drag or
higher-order geopotential terms). Moreover, the selection of this truncated force model permits to test and
validate each plant matrix also in orbital regimes in which the modeled perturbation is not the only or most
significant one. The errors associated to the effects not included in the ground-truth have been evaluated
a posteriori as presented in the next paragraph. According to these considerations, the validation has been
performed in three steps. Firstly, each single plant matrix (plus the Keplerian motion) has been validated
with respect to the numerical integrator which includes only the disturbing acceleration correspondent to the
modeled perturbation. Secondly, the complete plant matrix (Eq. 15) has been validated and its performances
assessed with respect to the numerical reference that now includes all the disturbing accelerations presented
in Tab. 3. Thirdly, the accuracy provided by the two reduced models is assessed by comparison with respect
to both the numerical integrator and the full analytical models. In Tab. 3, the two integration step windows
considered are used in relation to the size of the reference chief orbit analyzed. A chief satellite with mass
of 100kg, constant SRP reference illuminated area of 1m? and reflectivity coefficient of 1.88 is considered.
ABg,,,, is hypothesized constant equal to 2% of Bj,.

The described validation procedure has been performed for satellites formations in different orbital regimes,

Table 4: Chief absolute motion (top) and relative motion (bottom) osculating initial conditions.

LEO GPS GEO HEO
Epoch date 1 January 2016 1 January 2016 1 January 2016 1 January 2016
Epoch time (hh.mm.ss) 00.00.00 00.00.00 00.00.00 00.00.00
hp 514.88km 20129km 35766km 353km
e 0.001 0.0019 0.0005 0.7459
i 97.44° 55.341° 3° 30°

0° 0° 280° 0°

45° 45° 45° 45°

M 0° 0° 0° 0°

adi 2ade 0 @ ada  adA
3.5km  0.25km  45° 45° Okm Okm

both circular (LEO, the Global Positioning System medium Earth orbit - GPS, GEO) and highly elliptical
orbit (HEO). The initial osculating chief orbital elements and initial osculating ROE are reported in Tab. 4.
These initial conditions guarantee full coupling of all ROE variations. From the chief and ROE osculating
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initial conditions, the deputy osculating initial conditions can be obtained. An analytical osculating to mean
space transformation under the variety of perturbation considered does not exist in literature. Therefore, nu-
merical averaging over each chief satellite period has been applied. An initialization interval of some orbits
is necessary to obtain averaged mean chief and deputy initial conditions from which the mean initial ROE
state is computed and then propagated analytically. Regarding the numerical integrator, its Cartesian outputs
have been converted to osculating chief and deputy orbital elements and then averaged prior mean ROE state
computation. It is relevant to remember that da,s.. = 0 doesn’t imply a null mean initial condition da. A
linear drift in along-track direction is therefore expected. This does not constitute a problem thanks to the
presented models validity for arbitrary large values of A, moreover, it permits to validate also the first plant
matrices column. The propagation horizons considered are 10 and 100 orbits to evaluate the medium and
long-term accuracy, and 1 year to capture the yearly lunisolar effects.

The metric considered for validation purposes is the absolute error with respect to the reference and the
maximum value it assumes over the propagation time span

(t)STJVI

)

€s5x; (t) = |adXjmean — adXj,mean (t) €ox; = MAX Egy (t:) j=1,...6 (35)
Moreover, it is useful to have a direct insight on the weight of the maximum error with respect to the ROE
variation in the propagation interval. In this sense, the number of accurate digits with which the analytical

propagator is able to provide, in the worst case, the ROE maximum absolute variations is computed as
Na.d.sx; = O(Asy;) — Olesy,) j=1,...6 (36)

where

num. ) j=1,..6 (37)

Aéxj = m?'x(|a5Xj,mean (ti)num.

- a(SXj,mean (tO)

Plant matrices validation results and performance

In the following, Tab. 5 to Tab. 7 report the validation results of SRP, Sun and Moon third-body, J, and J3
plant matrices (summed to Keplerian motion). Tab. 8 instead validates the complete plant matrix in Eq. 15.
Looking at Tab. 5, the effect of SRP on the relative eccentricity vector components increases with the size of
the orbit. In both GPS orbit, GEO and HEO, variations of the order of a hundred meters or more are reached
in one year. The SRP plant matrix models de, and Je, with a level of accuracy of at least one digit. The
worst case is the error committed on the x-component in one year in GEO (es., = 13.8m), which anyway is
lower than 4% of its maximum variation (As., = 350m). The effect of SRP on the relative inclination vector
components is considerably less significant, almost always under the meter level. Nevertheless, the accuracy
provided by the SRP plant matrix on d7,, and 64, is usually of at least one digit, as it is for d\.

Looking at Tab. 6, the third-body effect increases by increasing the orbit size. Variations of the relative
inclination vector components up to one hundred meters are reached in one year in GEO, and up to 54.5m in
HEO. The third-body plant matrix models ¢, and di, with a level of accuracy usually of at least one digit
on 100 orbits and one year. The worst case is the error committed on the y-component in one year in GEO
(€5:, = 6.98m), which anyway is lower than 7% of its maximum variation (Adiy = 103m). The effect of
third-body on the relative eccentricity vector components is smaller, up to 13.5m in one year in GEO and up
to 26m in HEO. The accuracy provided by the third-body plant matrix on de, and de, is affected by the not
inclusion of the long-periodic terms in the equations of e and w reported in Appendix A. The maximum not-
modeled long-periodic effect arrives at 25.7m in one year in HEO. Nevertheless, the inclusion in the model of
the secular drift of w permits to follow the secular behavior of the relative eccentricity vector components. J A
is in great part not-modeled by the third-body plant matrix, which is affected by the absence of an expression
for the third-body effect on the fast variable in the model in Appendix A.

Looking at Tab. 7, the effects of J» on the relative eccentricity and inclination vectors are expected and ex-
tensively described in literature.2? J3 affects both the two relative vectors, but considerably less significantly
than Jo (effects under 2m). The propagation accuracy provided by the J5 and J3 plant matrices on both the
relative vectors components and J A is of at least one digit.

da is not significantly affected by the considered perturbations and its variation is not modeled by the plant
matrices.
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Table 5: SRP plant matrix validation with respect to the numerical reference, for relative motion perturbed by
only solar radiation pressure (without eclipses).

ada ad ade, adey adiy adiy,
€a  Dsa  xn Asn e,  Ase, e,  Dse, €si, D, €si, A,
time (m) (m @ @ @m @m (@m (m (@m (m (m (m

5

100. 107¢ 1077 10=® 0.02 107 003 107* 002 10°% 107* 10°¢ 107*

LEO 000, 10 10°°® 10°% 024 10~* 034 103 027 10°° 10°% 10° 103
Iy, 1075 10° 140 113 010 358 062 23.1 004 004 004 0.04
100. 10°° 1075 001 692 002 578 012 143 10* 103 104 1073
GPS 1000, 107* 10* 0.0 776 0.0 521 199 435 1079 005 10°° 006
Iy, 107 10* 012 563 282 868 524 174 001 008 002 0.12
100. 107* 10° 004 357 096 129 003 258 10~° 1073 10~* 10~*
GEO 1000, 107* 10* 020 392 132 198 214 170 002 001 001 0.03
ly. 1078 10* 3.08 10° 138 350 774 170 005 003 00l 0.03
100. 107° 10° 0.9 160 002 508 008 034 107* 065 10* 065
HEO

1000. 107* 107* 4.13 144 0.12 463 128 229 004 6.18 004 6.18
ly. 0.04 004 156 103 2.5 75.1 35 116 034 886 035 887

Table 6: Third-body plant matrix validation with respect to the numerical reference for relative motion perturbed
by only Sun and Moon third-body effect.

ada ad\ ade, adey, adig adiy
€a  Dsa  €xn  Asx €5,  Dse,  €5e,  Dse,  €5in Doi,  €5i, Do,
time (m @@ (@m @m @m @m @m @m (m @m @m (m
10 o. 10°% 1077 0.01 0.02 102 107 107® 1073 10~* 0.01 10~* 0.01

LEO 1000, 1076 10° 002 013 001 001 001 001 107% 004 10°° 0.12
1y, 10* 10* 130 178 010 011 130 130 050 142 050 631
100. 10° 10° 064 119 002 003 008 009 022 001 006 0.1
GPS 000, 104 10* 179 217 038 031 014 021 044 242 012 142
Iy, 107* 10* 948 120 126 084 278 329 044 188 027 2.18
100. 104 10* 512 576 233 213 122 084 288 574 239 380
GEO 1000, 107% 103 274 4128 505 519 3.17 3.10 416 248 438 237
ly.  10% 10% 132 171 564 519 927 135 679 866 698 103
100. 1073 1073 128 345 171 208 163 124 040 009 026 036
HEO

1000. 002 0.02 187 21.0 137 200 605 959 166 670 166 135
ly. 130 130 103 103 226 235 203 257 259 110 273 545

Table 7: J2(top) and Js(bottom) plant matrices validation with respect to the numerical reference for relative
motion pertubed by only J2(top) or Js(bottom).

ada ad ade, adey adiy adiy
€a  Dsa  €x Asxn €se,  Dse,  €e,  Doe,  €i. Doin €si,  Asiy
time (m (m @@ @m @m @m (@m (m (@m (m (m (m

10 o. 1073 107* 021 860 021 322 059 3.07 107*% 107* 002 191

LEO
1000. 1073 1073 253 945 057 279 600 385 1073 1073 0.58 103

Gps 100 107 107* 107* 253 107® 0.10 107* 0.10 107° 1075 1073 8.87
1000. 107 107* 005 281 107* 1.16 1073 1.14 10=° 1075 0.03 985

Geo 100 10°% 107¢ 10=* 032 107* 037 107* 036 10° 10=% 10~° 0.01
1000. 1075 1076 001 3.64 107 430 107* 398 10°° 10°° 10~* 0.16

Hpo 100 014 013 347 104 020 541 0.9 514 001 001 001 43
1000. 157 157 389 10° 290 778 477 302 0. 0.1 20 480

ada ad adey ade, adiy adiy

€a  Dsa  €x Don  €e,  Dse, €, Doe, €5i,  Dsi,  €i, D,

time (m) (m (m (m (m (m (m) (m) (m) (m) (m) (m)

LEO 10o. 107% 10" 002 001 10°* 015 10°% 107> 107¢ 10°* 10°® 10°°
1000. 107% 107 028 0.6 107 1.60 10~ 10~* 10=% 10~ 10=°> 0.08

ugo 100 1075 107 028 599 107 0.6 107° 0.5 107 0.4 005 0.08

5

1000. 107° 107° 3.05 665 10°* 177 107* 170 10~ 047 051 093




Table 8: STM (Eq. 22) validation with respect to the numerical reference for relative motion perturbed by SRP,
Sun and Moon third-body, J> and Js. The corresponding plots are reported in Appendix C.

ada ad\ adey adey, adiy adiy,
€sa  Dsa  €x  Asx  €se,  Dse, €5, Ase, i, Dsi, €5, Asi,
time (m  (m (@m (m (@m (m (m @m (m (m) (@ (m)
10 o. 10=% 107% 043 852 006 294 014 281 10=% 0.01 0.02 190
100 0. 0.01 0.01 3.11 937 1.11 267 1.51 36.1 0.01 0.06 0.06 103
ly. 0.8 0.8 112 10* 409 357 202 400 1.76 91 9.80 10°

10 o. 1074 1075 063 17.1 0.04 564 020 164 022 001 007 899

LEO

GPS  1000. 107* 10* 17.8 182 050 500 208 456 044 262 012 97.1
ly,  107% 107 934 10° 411 100 7.8 176 046 209 048 724
100. 1073 107* 5.19 417 202 261 066 266 289 560 239 3.74
GEO 1000, 107 103 264 439 222 219 573 168 436 262 448 247
ly. 001 001 121 10° 422 377 186 183 7.1 532 717 66.1
100. 017 017 350 10* 1.82 611 199 495 039 056 037 447
HEO

1000. 168 1.68 375 10° 164 731 861 246 153 283 278 184
ly. 196 196 10*° 10° 138 10® 449 103 6.83 300 259 144

Table 9: CPU time for the STM and numerical propagations of the relative motion perturbed by SRP, Sun and
Moon third-body, J2 and Js.

LEO GPS GEO HEO
100. 1000. 1y. 100. 1000. 1y. 100. 1000. 1y. 100. 1000. 1y.

STM(s) 039 046 597 034 048 091 034 047 071 034 048 099
Num. (s) 941 460 646 21.2 322 572 44.0 169 622 23.0 339 1787

CPU time

The final accuracy budget is obtained looking at Tab. 8. Summarizing, in LEO and GPS orbit, effects bigger
than 1m are modeled with at least one accurate digit and a maximum of five. In GEO and HEO, effects bigger
than 10m are modeled with at least one accurate digit and a maximum of two. The behavior in time of the
absolute error, €5, (t) is shown by the plots in Appendix C. The error is usually not linear but oscillates in
time with repeated patterns. This error can be attributed mainly to the approximations inherited from the
hypotheses underlying the models in Appendix A, and to the terms truncated by the first-order Taylor expan-
sion. In terms of propagation time, this error behavior implies that the analytical propagator provides fairly
accurate results on the medium/long-term, modeling so the long-periodic and secular ROE variation under
the considered perturbations. In particular, at least one accurate digit is guaranteed in LEO on propagation
equal or longer than 10 orbits and in GPS orbit, GEO and HEO on propagation equal or longer than 100
orbits (except di,, in HEO). To complete the analysis, the errors associated to the effects not included in the
ground-truth have to be evaluated. The error related to the not-modeled eclipses can be obviated by means of
the introduction of a simple shadow function.?® The error associated to the not-modeled differential drag can
be obviated by combining the STM formalized in this paper with the one of Koenig et al.,?® incrementing the
relative state by the relative semi-major axis and eccentricity vector components time variations. The error
related to the not-modeled higher-order geopotential components instead has to be added. Reliable evalua-
tion of this error can be found in literature. Mahajan et al.' evaluate the error on the relative position of a
formation in LEO as a function of the degree of the zonal harmonics modeled. The considered ground-truth
includes a 70 x 0 gravity model. The error introduced by neglecting harmonics with degree higher than three
is comprised in between 7m and 13m in ten days of propagation, depending on the LEO inclination. By
increasing the orbit size, this error will inevitably drop together with the geopotential effect on the orbital
motion. A final remark has to be done regarding the truncation error introduced by the numerical integrator
on a long-term propagation. To evaluate the accuracy of the numerical solver selected, it has been compared
with a different integration technique (the Adams-Bashforth-Moulton multistep method). On one year of
propagation, the maximum differences between the two numerical propagators outputs are at least one order
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of magnitude lower than the level of accuracy provided by the analytical propagator. Therefore, the selection
of a different numerical integrator does not impact the results just presented.

Finally, the performances in terms of computational efficiency (i.e., Central Processing Unit, CPU, time) are
assessed in Tab. 9. The STM outperforms the numerical integrator in terms of computational efficiency, being
at least 24 times, 100 times and 108 times faster in case of 10 orbits, 100 orbits and 1 year of propagation
correspondingly.

Reduced models validation results and performance

The assumption that SRP mainly affects the relative eccentricity vector and the Sun and Moon third-body
mainly affects the relative inclination vector has to be validated. Tab. 10 extracts the effects bigger than 10m
in 100 orbits from Tab. 5 to Tab. 7. Evidently, the assumption made is fairly accurate, with the exception of
the HEO in which Sun and Moon third-body causes significant effects also on the relative eccentricity vector.

Table 10: Perturbation effects budget. Effects bigger than 10m in 100 orbits are considered.

dey dey iy iy
LEO Jo Ja J2
GPS SRP SRP Ja
GEO SRP SRP TB TB
HEO J2,SRP,TB J2.SRPTB J5,TB

SRP reduced model validation Fig. 3 shows the relative eccentricity vector tip motion in its phase space
in one year of propagation under the effect of SRP (neglecting eclipses). It considers formations in the LEO,
GPS orbit, GEO and HEO analyzed previously varying the ballistic coefficient difference between the two
spacecraft. The colored lines are obtained by analytical propagation (SRP plus Keplerian plant matrices),
the black dotted lines by numerical integration. The relative eccentricity vector runs a close elliptical path

1000 1000
500 | . 1 500 |
| ic.
—_ f.c. ~ .
®>\ 0 —STM LEO GJ>‘ 0
P STM GPS P
© ——STM GEO ©
——STM HEO
-500 | b -500 |
-1000 . . . . -1000 . : . :
-2000 -1500 -1000 -500 0 500 -2000 -1500 -1000 -500 0 500
ase [m] ade [m]

Figure 3: Relative eccentricity vector tip motion in its phase space due to SRP (eclipses neglected) in one year of
propagation in LEO, GPS orbit, GEO and HEO. AB = 2% (left), AB = 10% (right). The initial phase angle is
© = 45°.

in one year as it was predicted by the reduced analytical model. Moreover, as expected, the dimensions of
this close path increase together with the size of the chief orbit (semi-major axis) and the ballistic coefficient
difference. For formations not in LEO, these dimensions are significant, from hundred meters up to more
than one kilometer in GEO with AB = 10%. In Fig. 4, the reduced SRP model is validated with respect to
both numerical integration and the full analytical model in both near-circular, near-equatorial and eccentric
orbits. The reduced model provides good results in the near-circular case. In particular, Eq. 26 is accurate in
near-circular near-equatorial orbits (Fig. 4 top-left), whereas Eq. 25 is accurate in near-circular inclined orbits
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Figure 4: Reduced SRP models validation for GEO (top-left), GPS orbit (top-right) and HEO (bottom), with
AB = 2%. ”Red1” refers to Eq. 25, ”’Red2” refers to Eq. 26.

(Fig. 4 top-right). This is expected considering that Eq. 26 has been obtained for zero inclination. Both Eq.
26 and Eq. 25 fail in eccentric orbit (Fig. 4 bottom) since they neglect terms proportional to e2. The complete
plant matrix provides instead accurate results in all the considered orbits. The values of the circulation radius
and initial phase according to Eq. 27 are reported in Tab. 11. Both these values are accurate in GEO. The
initial phase is fairly accurate also in GPS orbit and HEO, where instead the purely circular approximation
doesn’t hold anymore. Looking at Fig. 3, it can be noticed how the relative eccentricity vector either librates

Table 11: Radius and initial phase of the circulation path according to Eq. 27.

GEO  GPS HEO
aR[m] 173.50 8674 86.34
do[°]  -360.01 -81.01 -81.01

(LEO, GPS orbit and HEO) or circulates (GEO) in its phase space. The transition is related to the dimensions
and orientation of its close trajectory. Dimensions and orientation are themselves related to the chief orbit
size, the ballistic coefficient difference, the inclination with respect to the ecliptic, the position of the Sun in
the chief orbital plane and the initial condition of the relative motion (e.g. initial phase angle ¢, Fig. 5). All
these elements are present in Eq. 25.

A physical interpretation of the relative eccentricity vector motion can be suggested. SRP induces yearly-
periodic oscillations of the eccentricity and argument of perigee of the chief and deputy orbits in dependence
of the Sun position with respect to the orbits perigees.>* These periodic behaviors of the absolute parameters
translate in a yearly-periodic oscillation of the modulus and/or phase of the relative eccentricity vector which
causes the close path trajectories. Further analysis of this physical interpretation is presented by the first
author of this paper in his thesis.3
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Figure 5: Relative eccentricity vector motion varying the initial phase angle. In LEO (top-left), GPS orbit (top-
right), GEO (bottom-left) and HEO (bottom-right), with A B = 2%.

Sun and Moon third-body reduced model validation Fig. 6 shows the motion of the relative inclination
vector tip in its phase space in 2400days of propagation under the action of Sun and Moon third-body. It con-
siders formations in two GEOs, the first with i = 3° and {2 = 280°, the second with ¢ = 7.3° and ) = 353°
and in the HEO analyzed previously. The colored lines are the ones obtained through analytical propagation
(third-body plus Keplerian plant matrices), the black dotted lines instead are obtained by numerical integra-
tion. The relative inclination vector of the two GEOs almost perfectly rotates around the origin of its phase

4000
2000
B | ic.
t;, 0 f.c.
=) = =snum.
© —STM GEO i=3°
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-2000 N\ |—sTMHEO
-4000
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Figure 6: Relative inclination vector tip motion in its phase space due to Sun and Moon third-body in 2400days
of propagation in GEO (i = 3°, Q = 280°), GEO (i = 7.3°, Q = 353°) and HEOQ. The initial phase angles is
6 = 45°.

space, in either clockwise or counterclockwise direction, as it was predicted by the reduced analytical model.
However, in the HEO case the movement is much less significant. In order to further validate the reduced
model, the histories of variation in time of the angles {2 —Qg,,,, and 2 —Q 7,05, for the two GEOs are reported
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in Fig. 7. For the less inclined GEO, these angles vary consistently and they both assume a value of 180°
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Figure 7: Chief satellite orbit node respect to ecliptic node (top) and respect to Moon orbit node (bottom) in
2400days of propagation in GEO with i = 3° and Q2 = 280° (left) and in GEO with i = 7.3° and Q2 = 353° (right).
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Figure 8: Reduced third-body models validation for GEO with i = 3° and 2 = 280° (left) and GEO with
i =17.3° and Q = 353° (right). ”Red1” refers to Eq. 31, whereas ’Red2” refers to Eq. 33.

in correspondence of about half of the propagation time (Fig. 7 left). As anticipated by Eq. 33, this event
corresponds to a counterclockwise rotation of the relative inclination vector. For the more inclined GEO, the
two angles stay close to zero value for all the propagation (Fig. 7 right) and, as anticipated by Eq. 33, the
relative inclination vector rotates clockwise. The reduced analytical model is therefore able to predict the
physical behavior of the relative inclination vector in its phase space as a function of the relative orientation
of the chief and third-bodies orbits node lines. In Fig. 8, the reduced third-body model is validated with
respect to both numerical integration and the full analytical model. Mean values of 4, i gy, and 2700, OVer
the propagation time have been considered in the reduced models. The two models in Eq. 31 and Eq. 33
provide very similar results, therefore the inclusion of terms proportional to sfj doesn’t impact significantly
the model accuracy. Eq. 33 is accurate in GEO with ¢ = 7.3°, where both Q@ — Qg.,, and Q — Qaro0n
stay close to zero for all the propagation time (Fig. 8 right). In case of GEO with ¢ = 3° instead, the two
angles reach the values of 180° only at half propagation. Therefore, applying Eq. 33 for all the propagation
time leads to an overestimation of the path run by the vector (Fig. 8 left). This problem can be actually
expected and solved by limiting the propagation to the interval in which  — Qg.,,, and 2 — Q7,0,, are close
to 180°. Looking at the numerical reference trajectory, it can be observed how the majority of the vector
motion is concentrated in occurrence of the anti-parallel alignment of the chief and third-bodies node lines,
which happens approximately in between 1370 to 1430days. The reduced model actually almost matches the
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exact final condition if used in this time interval. Close to the initial and final conditions, the node lines are
not aligned and the vector motion is much less significant. Tab. 12 provides the rates of rotation according
to Eq. 32 and Eq. 34, for the two GEOs considered. In case of GEO with ¢ = 3°, the presented rates

Table 12: Values of the relative inclination vector rotation rates. Subscript ’1” refers to Eq. 32, subscript 2”
refers to Eq. 34. The rates due to Sun and Moon in Eq. 34 are also reported.

011/ Oyl Oasunl®/y]  Oan00n[°/Y]
GEO i = 3° 33.98 34.16 11.06 23.10
GEOi=17.3° 6.81 6.64 2.15 4.49

account for a rotation over 2400days. The rates for the second GEO are lower due to the greater inclination.
The two reduced models provide again very similar results, but the second model permits to conclude on the
weight that separately the Sun and the Moon have on the relative inclination vector rotation. In both GEOs,
the Moon effect is always almost double than the one related to the Sun. This result is due to the fact that

Egteon s greater than £54=, due to the lower distance of the Moon respect to the Earth that compensates the
Moon

smaller mass. The mclmatlons of the apparent Sun and Moon orbits are instead very similar, the Moon orbit
is inclined of about 5° with respect to the ecliptic.

A physical interpretation of the relative inclination vector motion can be suggested. The Sun and Moon at-
traction normal to the chief and deputy satellites orbital planes causes a torque about the lines of intersection
of the satellites orbits and the apparent Sun and Moon orbits.'> When Q — Qg,,, and Q — Q7,0 are either 0°
or 180° these lines of intersection stay on the equator. The gravitational torques that act about these two lines
cause a gyroscopic effect that determines a regression of these lines on the apparent Sun and Moon orbital
planes, which are instantaneously intersecting the equator. It causes a variation of the satellites RAAN with
almost no effect on the inclination.?* This behavior of the absolute parameters translates in a variation of
the phase of the relative inclination vector at almost constant modulus, which implies its rotation. Further
analysis of this physical interpretation is presented by the first author of this paper in his thesis.?®

CONCLUSIONS

The paper presents a general methodology for modeling analytically both conservative and non-conservative
perturbations on the satellite relative motion. By doing so, it formalizes three new plant matrices including
the effects of zonal harmonics of the geopotential up to third-order, Sun and Moon third-body and solar radi-
ation pressure on formations in arbitrary eccentric orbits. These new models enable an analytical exploration
of the relative perturbed motion geometry. In particular, two new effects have been discovered and modeled
analytically. The first is the yearly circulation of the relative eccentricity vector in its phase space due to SRP
for formations in near-circular orbit. The second is the rotation of the relative inclination vector in its phase
space due to Sun and Moon third-body for formations in near-circular near-equatorial orbit, in occurrence of
an alignment of the chief and third-bodies orbits node lines. Subsequently, the formalized analytical models
are validated and their accuracy/efficiency performances assessed with respect to numerical orbit propaga-
tion. The medium/long-term accuracy provided is of at least one accurate digit, in LEO on propagation equal
or longer than 10 orbits and in GPS orbit, GEO and HEO on propagation equal or longer than 100 orbits. This
demonstrates the propagator capability to model the long-periodic and secular variation of the relative orbital
elements under the considered perturbations. This performance, combined with the novel analytical insight,
envisages the use of the new models for innovative relative orbit design and guidance in various orbits both
around Earth and around other planetary bodies. Potential exploitation scenarios around Earth are the geo-
stationary ring for on-orbit servicing and highly elliptical orbits for scientific applications as telescopy (e.g.
SLAB’s mDOT). Potential applications around other Solar System’s planetary bodies are near-polar orbits for
bi-static synthetic aperture radar mapping of the surface. In general, implementing formation-flying around
other planets implies the need to account for perturbations of different intensity and variety (e.g. greater
SRP around the inner planets, greater third-body around the moons of Jupiter and Saturn). Future works will
further analyze the application validity and performance of the new formalized models in these scenarios of
high scientific interest.
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APPENDIX
ABSOLUTE DYNAMIC MODELS
Geopotential (J> and J3)

The mean orbital elements variations due to Jo and J3 formalized by Liu and Alford3!:3? are

<%> = f%nJg (%)3 sin(i)[4 — 5sin?(3)](1 — €?) cos(w)
di> = §nJ?, (%)3 cos(i)[4 — 5sin’(i)]e cos(w)

_ ﬁnjg(%f cos(i) — gnjg(%)g[m sin?(7) — 4]e cot (i) sin(w)

+ gnJg <%)3{[4 - SSinZ(i)]W + 2sin(§)[13 — 15 sin? (i)]e} sin(w)
%> = %nJg(%)Tl— gsin2(i)} 1—e2+

e

- gnJg <%>3 sin(i)[4 — 5sin”(4)] 1= de V1 —e?sin(w)

Where Ry is the Earth equatorial radius, J5 and J3 are the second and third-order zonal geopotential coeffi-
cients, n is the satellite mean motion and p is the satellite orbit semilatus rectum.
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Sun and Moon Third-body

The mean orbital elements variations due to Sun and Moon third-body effect formalized by Cook*} and
also presented by Vallado'? are

de\
<d7> =0
<%> = %{A[Q +3¢% + 5e Cos(Qo.))} + 5Be? sin(Qo.))} (39)
<%> N 4r3n\/i%mn( ) {54 sin(20) + B[2 43¢ — 56 cos(20)] }
<%> = *#%{5%&62 sin(2w) + B {2 + 3¢? — 5¢? cos(2w)} }

where subscript ”’3” indicates quantities related to the third-body, p3 is the third-body standard gravitational
parameter, 3 is the third-body distance from the Earth center and n is the satellite mean motion. The direction
cosines for the third-body are

A =cos(2 — Q3) cos(ug) + cos(ig) sin(ugz) sin(2 — Q3)
B= cos(i)[f sin(Q — Q3) cos(ug) + cos(isz) sin(ug) cos(2 — N3)] + sin(7) sin(i3) sin(us) (40)
C =sin(7)[cos(uz) sin(Q — Q3) — cos(iz) sin(ug) cos(Q — Q3)] + cos(i) sin(i3) sin(us)

Solar Radiation Pressure

The mean orbital elements variations due to SRP, neglecting the effects of eclipses, for a satellite in Sun-
light during the entire orbit, formalized by Cook?® and then presented by Vallado'? are

(@) =0

<@> 3Vl —e2S
dt 2na p
<@> _ 3eW cos(w)
dt/ " 2nayv1-—e2 41
<@> _ 3eW sin(w)
dt a1 - e sin(i)
dw 3v1 —e? dQ)
<E> ~ 7 2nae By = dt cos(i)
dM~\  9eR, dw dQ)
< dt >_ na  V1TC (dt A7 COE(”)

Where the radial (R,), transverse (S,) and normal (W) components of the disturbing SRP force evaluated at
the perigee as if the perigee is in Sun-light are

Ry = FarpBory - {[cos” (5 ) coste + 9= ) +sin? () cos(eo + @+ M) eos” (1) + [eos” (5 )
cos(ew — Q4 A,) +sin? (£) cos(w — 2 = A)]sin? (§) + gleos(eo — A) — cosfee + A sine) sin(e) }
S, = —FypBury {[cos2 ( ) sin(w + Q — Ay) + sin2 (%) sin(w + Q + A,)] cos? (%) + [cos? (%) )
Ssin(w — Q + Ay) + sin? ( ) sin(w — 2 — A,)] sin? (%) - %[sin(w +Ay) — sin(w — A,)] sin(d) sin(e)}
W sin(w) = — F;TP Burp - {feos(to + 9 = X,) — cos(io — 2+ A,)]sin(i) cos? ( £) + [eos(w + 2+ A+
— cos(w — Q — A,)] sin(i) sin® (5) + [cos(w + As) — cos(w — Ay )] cos(d) sin(s)} )

W cos(w) =FS2TP Bgrp - {[Sin(w +Q—\,) —sin(w — Q + \,)] sin(i) cos® (%) + [sin(w + Q + Ay)+

—sin(w — Q — \,)] sin(i) sin? <§> + [sin(w + As) — sin(w — Ay)] cos(7) SiH(G)}
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. 1 W/m?2 . . .
with F,., = Lsun (Qsun )2, Psun — 13531 /m , 4sun v 1 or as a function of time as in Chao,>* ¢ = 23.44°.
sTp c TSun c 3-108m/s ° rsun

As 1s the ecliptic longitude of the Sun and B, = % is the satellite ballistic coefficient related to SRP.

PLANT MATRICES

In the following, 7 = 1/1 — ||e||* and sin(-) = s. and cos(-) = c..

Jo Plant Matrix

Ageop,, = Ky

0 0 0 0 0 00
—IEP 0 e, GFP eyGFP —-FS 0 0
—%er 0 (1+4Ge2)Q deze,GQ —5e,8 0 0
0 0 0 0 0 0 0
I8 0 —4e,GS —4e,GS 2 0 0
0 0 0 0 0 0 0 |
J3 Plant Matrix
A960m3 = KJs-
r 0 0 0 0 0 0 07
SeyZJ 0 —bege,GZJ —(6e +n*)GZJ —eyci H 0 0
9T 0 —6e,G(T - L5,Q) —6e,G[T +L(~ZQ+Y)] —[(1—e2U+e2W] 0 0
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(46)
Terms of the J> and J; Plant Matrices
3 2 _ _ 3 3 _ s
Viy = ZJQ,RE Vi Kl, = —% Vs = §J3RE Vi Ky = —g &
azmn azmn
1
F=4+3n E=1+n G=— Q=>5¢%—1 P=3¢>-1
n
J =11 —15¢,2 L =15¢,2—2 S = sa; T = s;2 Z = cot(i)e; 47
30¢2s2 — J Ss; 4¢3
v=2sl H="0120 U-—aQ-sss W= STJFQQ + 4068 — (dci + 305s,)
K=Q(si—2)+Y T=01-e)siQ+e(—2Q+Y)
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Sun and Moon Third-body Plant Matrix

(48)
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Solar Radiation Pressure Plant Matrix

(49)
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Terms of the Sun and Moon Third-body Plant Matrix

Ygrdp = 42?\? Kgrdp = 3repVa? t; = tan(i)
e
0B .
Bsi, = o = —8;[—sin(Q2 — Q3)cuy + CigSug c08(Q — Q3)] + €iSi5Sus
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Tir = F(Ti1 —Ty) + E2(Tiz — Tho)
Terms of the Solar Radiation Pressure Plant Matrix
3F,,
Vsrp = 2\/5 Rsrp = 'Ysrszrp\/a Ys = S, Ci Zs = S\, Si
X, =cos(Q — As) Yy, =sin(Q — As)e; Zs, = sin(Q — Ag)s;
Xs, = cos(2 4+ As) Y, =sin(Q + A\)¢ Zs, =sin(Q + Ag)s; (51)
T = C%;Xsl + 525X32 T2 = 62%}/31 + SZ%YQQ — SeZs T3 = C%Zsl + SEZSQ + 5eYs
. 232 + 02
Ty = c%YS1 + s%YS2 + scyscot(s)  Ts = c%ZSl + 825232 + seysﬁ T = c%ZSl + 825252

)
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VALIDATION PLOTS
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Figure 9: LEO formation, perturbed by J-, Js, SRP and Sun/Moon third-body, 1year of propagation.
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Figure 10: GPS orbit formation, perturbed by J2, J3, SRP and Sun/Moon third-body, 1year of propagation.

29



E ‘ E
< 0.42 WW'W ='-1000
— 30 A < — a(S)‘rlum. .
c 0.4 num. L : © -2000 as\ ' ‘
0 |—adag,,| 200 300 400 0 |7 200 300 400
E 0.02 ‘ ‘ E 200
©0.011 H MM 1 = 100 /
o 0 W® 0 T . |
0 100 200 300 400 0 100 200 300 400
S 200 < 10
2100 S 51
S <
S0 S0 ‘ ‘ ‘
0 100 200 300 400 0 100 200 300 400
t[n°orbits] t[n°orbits]
— — 30 € —
= 500 x,num. = 500 ‘ ‘
= —as — e — S
q,)x 0 \&/ CD>\ or — 30 € -
‘T -500 : ‘ : ‘S -500 yinum- :
0 100 200 300 400 0 —&€&qsmy| 200 300 400
= 50 = 20
o 2710
0 : ‘ 0 ‘ : :
0 100 200 300 400 0 100 200 300 400
S 20 S 20
2)( Ul 2> Ul \m
© ©
£ 0 : ‘ 2 £ 0 é ‘ ‘ :
v 0 100 200 300 400 ¢ 0 100 200 300 400
t[n°orbits] t[n°orbits]
T 2600 E 2500 ‘ ‘
._x 2500 W > 2450 -
) . — 30 i num
o 2400 : : — 20 Iy num. & 2400 y.num. . |
100 200 : 400 0|—adi, gy 200 300 400
—_—11qdi Y,
X,STM
E 10 ‘ ‘ ‘ E 10 ‘
:_x 5 q ;_> 5r ﬁpﬁqﬂ n 4
\uﬂs 0 \um 0
0 100 200 300 400 0 100 200 300 400
S 20 : : : S : : :
;Xlok Wi M’\Mm il | :51% an n 1
< <
£ 0 2 0
v 0 100 200 300 400 ° 0 100 200 300 400
t[n°orbits] t[n°orbits]

Figure 11: GEO formation, perturbed by J2, J5, SRP and Sun/Moon third-body, lyear of propagation.
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Figure 12: HEO formation, perturbed by J2, J3, SRP and Sun/Moon third-body, 1year of propagation.
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