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Abstract

This dissertation presents a new formation design that enables large distributed telescopes that must

maintain alignment with inertial targets to be deployed in earth orbit. While previous approaches

are infeasible for inter-spacecraft separations larger than a few hundred meters due to the large

relative accelerations in earth orbit, the design proposed in this work allows separations within an

order of magnitude of the orbit radius. This design is based on a two-phase operations concept that

includes observation and reconfiguration phases. During observation phases, one spacecraft uses a

quasi-continuous control system to ensure that the formation is aligned with the target. During

this phase, control is only applied in the plane perpendicular to the line-of-sight to save propellant,

allowing the separation to freely drift within a user-specified control window. During reconfiguration

phases, one of the spacecraft performs a sequence of maneuvers that ensure that the formation is

aligned with the target at the start of the next observation phase.

In conjunction with the proposed operations concept, new absolute and relative orbit designs are

developed that exploit the drift along the line-of-sight to minimize propellant consumption. This is

accomplished by selecting the orbits to ensure that the relative acceleration remains closely aligned

with the line-of-sight throughout all observations. Specifically, the delta-v cost of a properly timed

observation maneuver is computed in closed-form. Using this formulation, it is demonstrated that

the delta-v required to maintain alignment with any target is globally minimized by ensuring that

two requirements are met. First, the spacecraft must have equal orbit radii. Second, the formation

should be aligned primarily in the cross-track direction. Additionally, it is demonstrated that this

orbit design also minimizes the delta-v cost of re-aligning the formation with the same target over

consecutive orbits. Finally, optimal initial orbits for a specified observation sequence that minimize

the e↵ect of orbit perturbations on the delta-v cost of the mission are derived in closed-form.

To enable accurate and e�cient control of the formation during reconfiguration phases, this
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dissertation presents a new real-time algorithm for globally optimal impulsive control of linear time-

variant systems. The algorithm is more computationally e�cient, robust, and can be applied to

a broader class of optimal control problems than previous approaches in literature. A particularly

novel feature is accommodation of time-varying, norm-like cost functions. This feature allows the

algorithm to account for constraints such as asymmetric thruster configurations and time-varying

attitude modes on spacecraft. The dynamics model used by this algorithm is a state transition

matrix developed using a new methodology that enables simultaneous inclusion of conservative and

non-conservative perturbations. This methodology is used to derive, for the first time in literature,

a family of state transition matrices that simultaneously includes the e↵ects of earth oblateness and

di↵erential drag on spacecraft relative motion in orbits of arbitrary eccentricity. Through comparison

to a high-fidelity orbit propagator, it is demonstrated that the developed models are more accurate

than all comparable models in literature.

The proposed formation design is used to demonstrate the technical feasibility and scientific value

of a small-scale starshade formation deployed in a readily accessible earth orbit. Such a mission could

retire key optical and formation-flying technology gaps and perform precursor science in service of

future flagship missions. The proposed optical design includes a nanosatellite-compatible telescope

separated by several hundred kilometers from a starshade with a diameter of several meters. This

design is more than ten times smaller than full-scale designs while providing a deep enough shadow

to enable imaging of scientifically interesting targets. This miniaturization is accomplished by in-

creasing the inner working angle and designing the starshade to block near-ultraviolet wavelengths.

The feasibility and value of the mission are demonstrated through simulations of two example

mission profiles. In the first mission, the formation is deployed in a geosynchronous transfer orbit

and images a single target for tens of hours to validate the optical performance of the starshade and

image a bright exoplanet. In the second mission, the formation images a set of nearby sun-like stars

to characterize the density of the surrounding debris disks. These missions are simulated using a

navigation and control architecture with errors consistent with the performance of current commer-

cially available sensors and actuators. The sensitivity of the delta-v cost of the simulated missions

agrees with predictions using analytical models. More importantly, these results demonstrate for

the first time that the delta-v cost of these missions is within the capabilities of current propulsion

systems for small satellites.

In summary, this dissertation presents a novel formation design that enables distributed tele-

scopes with large inter-spacecraft separations to be deployed in earth orbit, reducing mission costs
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by orders of magnitude. The challenges of operating in earth orbit are overcome using a novel

operations concept and orbit design that leverages key findings from modern astrodynamics. This

design is used to demonstrate the feasibility and value of a small-scale starshade mission in earth

orbit that can retire key technology gaps and perform precursor science in preparation for future

flagship missions. This work has resulted in one mission proposal that was selected by NASA As-

trophysics and a second that was recommended by NASA’s Starshade Readiness Working Group as

a complement to ground-based experiment campaigns. Overall, the proposed formation design can

be used to enable or improve the scientific return of a broad class of distributed telescope missions.
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Chapter 1

Introduction

1.1 Motivation

While scientists have long theorized that planets exist outside of our solar system, the technologies

required to detect them have only been developed in the last few decades [1]. Indeed, less than

four thousand confirmed exoplanets have been detected to date [2]. However, it is expected that

missions such as NASA’s Transiting Exoplanet Survey Satellite (TESS) will dramatically increase

this number in the coming years [3]. The vast majority of these detections were accomplished using

indirect techniques such as Doppler spectroscopy [4] or transit photometry [5]. These techniques

can be used to estimate the mass, size, and orbit radius of the planet. This is su�cient to determine

if it is in the so-called habitable zone - the region around a star in which a planet with su�cient

atmospheric pressure may have liquid water. To further characterize these planets, it is necessary

to determine their chemical composition. For planets far from their host stars, this can only be

accomplished with direct imaging. Specifically, spectroscopic data from these images can be used to

identify biosignature gases such as oxygen, water, and carbon dioxide.

Direct imaging of exoplanets is di�cult because they are very close to their host stars, which

are many orders of magnitude brighter. Indeed, earth analogs orbiting nearby sun-like stars are

roughly ten billion times fainter and have angular separations on the order of tens of milliarcseconds

[6]. Distinguishing the light from such a faint planet from the glare of the host star requires optical

systems with higher contrast than can be achieved using current technologies. Due to the limitations

of current observatories, astronomers have thus far focused their attention on larger exoplanets,

which have been directly imaged for systems with special circumstances. For example, the first

1
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directly-imaged exoplanet is several times larger than Jupiter and orbits a brown dwarf, which is

much fainter than a normal star [7]. Another example is the set of four planets in the HR 8799

system, which are young enough to be independently bright in the infrared spectrum [8]. However,

star systems that meet this criteria are rare and less than fifty exoplanets have been directly imaged

to date. Moreover, ground-based platforms can only image exoplanets with flux ratios (ratio of

the brightness of a planet to the brightness of its host star) of 10�6 or larger due to atmospheric

turbulence and instrument stability issues. It is therefore evident that only space-based observatories

are capable of directly imaging earth analogs.

Proposals for space-based observatories for high-contrast imaging can be divided into two broad

classes: 1) internal coronagraphs with adaptive optics, and 2) distributed telescopes that use an

external starshade. While an internal coronagraph is being considered for multiple missions (NASA

Exo-C [9], WFIRST-AFTA[10], and HabEx (NASA) [11]), the necessary optical hardware is both

expensive and complex [12]. Additionally, the technology is not readily scalable because the mini-

mum angular separation between the star and a detectable target varies inversely with the telescope

diameter. The distributed telescope has a much simpler optical design, but this comes at a cost of

requiring precise formation-flying between two spacecraft. This approach o↵ers two key advantages

over internal coronagraphs. First, the starshade prevents the light from the host star from ever

reaching the telescope, enabling use of inexpensive telescopes with conventional optics. A conse-

quence of this property is that starshades can be sent to rendezvous with existing space assets to

enable high-contrast imaging. Second, the achievable inner working angle is independent of the size

of the telescope, enabling the use of much smaller spacecraft such as microsatellites or CubeSats.

Studies of distributed telescopes for high-contrast imaging have resulted in several mission con-

cepts including Exo-S (NASA) [13] and HabEx (NASA) [11], which aim to image multiple earth-like

planets in the visible spectrum. To image these targets, the starshade must provide contrast of bet-

ter than 10�10 at an inner working angle of tens of milliarcseconds [13]. To meet these requirements,

these missions call for starshade diameters of tens of meters and inter-spacecraft separations of tens

of megameters. Due to the large separation, the spacecraft cannot be deployed in earth orbit and

will instead be deployed at Lagrange points. The resulting costs of these missions are in the billions

of dollars.

Considering the financial risk involved in development of these missions, it is necessary to ensure

that all critical technologies are mature before key decision points are reached. At present, key

technology gaps can be divided in into three broad categories [14]: 1) optical model validation,
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2) starshade deployment, and 3) formation flying. Specifically, verification of the ability of the

proposed petal-shaped starshades to attenuate the starlight at the required levels has only been

accomplished through optical modelling based on scalar field Fresnel propagation. Before launching

a flagship mission, it is necessary to experimentally validate the perfomance of these starshade

designs. Also, the deployment of such a complex structure with sub-millimeter in-plane accuracy

has never been demonstrated in space. Finally, the proposed missions call for autonomous formation

flying systems capable of achieving meter-level control precision at separations of tens of megameters.

This corresponds to milliarcsecond-level formation alignment accuracy. This requirement is multiple

orders of magnitude more precise than any formation flying mission flown to date. Achieving this

control accuracy in deep space will require an autonomous multi-stage guidance, navigation, and

control (GN&C) system that fuses measurements from multiple metrologies with di↵erent ranges

and accuracies.

Ground-based campaigns to retire these technology gaps are underway [15, 16, 17, 18], but these

campaigns are subject to limitations such as atmospheric turbulence or laboratory size constraints.

This thesis presents an alternative means of retiring these technology gaps at low cost: deployment

of a miniaturized starshade formation in earth orbit. Such a mission could 1) experimentally validate

the optical models used to design starshades and 2) demonstrate autonomous formation alignment

control on the order of ten milliarcseconds. All together, these demonstrations would provide a

su�cient increase in the Technology Readiness Levels (TRLs) of critical optical and formation flying

technologies to justify investment in development of a probe or flagship-class mission.

A small starshade mission could also provide a valuable science return by imaging targets with

more relaxed optical requirements than earth analogs. A particularly opportune target is the (po-

tentially) brightest component of extrasolar systems - the circumstellar dust (debris from asteroids

and comets analogous to our zodiacal dust). Such dust is both a signal (e.g. a tracer of planetary

systems) and a hazard, potentially hiding earthlike planets from future flagship missions. With a

very high surface area to mass ratio, dust is extremely e�cient at scattering starlight. While the

dust in our solar system represents a tiny fraction of the mass of any planet, it is (in aggregate) a

hundred times brighter than Jupiter, scattering and re-emitting one part in 107 of the sun’s light. In

our solar system, this dust is produced by the erosion of comets and by collisions between asteroids.

Such dust must be present around other sunlike stars, but the exact amount around a typical mature

star is unknown [19]. Much younger systems, with larger and more chaotic belts of such debris, can

contain vastly more dust than our solar system. They often show ringlike or other structures that
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indicate the particles are not uniformly distributed as they orbit the star - signatures of perturbers

such as planets. Also, comparison of ultraviolet to visible to infrared brightness would help con-

strain the size of the scattering particles and polarization properties could even provide information

about their shape (e.g. Graham et al. [20]). Detecting these disks is therefore both practical and

scientifically compelling.

Overall, a small starshade mission o↵ers the opportunity to simultaneously retire critical optical

and formation flying technology gaps and conduct precursor science in service of future flagship mis-

sions at low cost. In addition to its value to the astrophysics community, such a mission would provide

a benchmark demonstration of the capabilities of small spacecraft. Indeed, numerous missions in

recent years have demonstrated that microsatellites and CubeSats can match the performance of

larger platforms. It is hoped that the cost reductions and performance improvements promised by

continued development of these technologies will open space exploration to a broader audience and

enable new science capabilities that improve our understanding of worlds both near and far.

1.2 Problem Statement and Research Objectives

The primary objective of this dissertation is to develop formation designs that enable a new class of

distributed telescope missions in earth orbit. This class of distributed telescopes includes starshade

formations and other distributed instruments that require the formation to be aligned with an inertial

target such as a star or galaxy. The value of these distributed telescopes depends on the amount

of time that the formation can observe the science target(s). To enable these missions, it is clearly

necessary to design the formation to minimize the propellant consumption during observations,

thereby maximizing the available integration time.

To accomplish this objective, this research includes contributions in a range of fields including

optical design, mission design, orbit design, linear dynamics modelling, and impulsive maneuver

planning. However, the main contribution of this dissertation is a new integrated formation design

that minimizes the delta-v required to align a distributed telescope in earth orbit with an inertial

target for an extended time period. This formation design is used to demonstrate, for the first

time, that a formation consisting of a microsatellite equipped with a starshade and a nanosatellite

equipped with a telescope can provide high-contrast imaging capability from readily accessible earth

orbits. Such a mission could retire key optical and formation-flying technology gaps by meeting the

following objectives:
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1. Demonstrate starlight suppression of 10�7 or better in space using a petal-shaped starshade

2. Demonstrate formation alignment control on the order of ten milliarcseconds

Additionally, the mission could perform precursor science in service of future flagship-scale starshade

missions by imaging targets such as large, bright exoplanets and debris disks. The technical feasi-

bility of the proposed mission is demonstrated through simulations using a navigation and control

architecture including errors consistent with current commercially available sensors and actuators.

The results of these simulations demonstrate that both the technology demonstration and science

objectives can be met with total delta-v costs well within the capabilities of current propulsion

systems for small spacecraft.

In addition to enabling new distributed telescope missions, two of the contributions in this

dissertation may find a much wider range of applications. First, a new derivation methodology for

state transition matrices for spacecraft relative motion is developed that can simultaneously include

conservative and non-conservative perturbations. This methodology is used to derive the first state

transition matrices that capture the e↵ects of both earth oblateness (J
2

) and di↵erential atmospheric

drag on orbits of arbitrary eccentricity. These models are more accurate than all other linear models

for spacecraft relative motion in earth orbit available in literature and provide a simple geometric

interpretation of the e↵ects of these perturbations. As such, these models may find application

in a wide range of formation flying missions to inform the mission design, improve uncertainty

propagation, or improve performance of the control algorithms.

Second, a new real-time algorithm is developed that provides globally optimal impulsive control

input sequences for fixed-time, fixed-end condition control of linear time-variant systems. The

algorithm is simultaneously simpler, more robust, and applicable to a broader class of problems than

previous approaches. This algorithm may find two applications in formation flying missions. First,

it could be employed to minimize propellant consumption in formation reconfigurations. Second,

it can provide reference solutions that enable rigorous assessment of the sub-optimality of simpler

control laws. Finally, because the algorithm is applicable to any linear time-variant system, it may

find application in a broad range of other fields.
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1.3 State of the Art

1.3.1 Optical Design

The optical design for a starshade formation includes two components: a telescope and a starshade.

The telescope design problem is greatly simplified because the starshade blocks nearly all light from

the host star. For example, the required sun and moon exclusion angles can be computed using

conventional techniques because the telescope contains no complex adaptive optics. One of the more

challenging aspects of the telescope design is that it must be stable enough to provide di↵raction-

limited imagery. However, development of image stabilization systems for such telescopes is well

underway [21]. As a result, the only significant design parameter for this research is the telescope

size. The relationship between the telescope size and the required integration time to detect targets

of interest can be characterized using conventional analysis of the signal-to-noise ratio.

The starshade design problem has been studied extensively over the past decade. The first

starshade designs were based on analytical models such as hypergaussian functions [22]. However,

these designs call for thin petal tips that are delicate and di�cult to accurately manufacture. To

produce more robust starshades, Vanderbei developed a procedure to design starshade petals by

solving a convex optimization problem [23]. This approach enables inclusion of constraints that

ensure that resulting petal shapes are realizable and structurally sound. This approach is been

used to develop starshade designs for various mission proposals including the New Worlds Observer

(NASA) [24], Exo-S (NASA) [13], and others. It has also been found that the maximum depth of the

shadow produced by the starshade is correlated with the Fresnel number [25]. Additionally, detailed

error budgets have been developed for large starshades [26]. These studies found that starshades

must have at least 16 petals to enable imaging of earth analogs. Each of these petals must be

manufactured with ten micron tolerances in critical error parameters.

Despite the maturity of the design and analysis techniques in literature, no studies to date have

assessed the scientific value of 1/10th scale starshades (1-5 m diameter). The absence of such studies

may arise from two considerations. First, manufacturing tolerances for starshades are known to grow

more stringent as starshade size decreases. As a result, miniaturizing the starshade requires either

more precise manufacturing or accepting reduced contrast. Second, to substantially reduce the cost

of a mission, it will be necessary to use small spacecraft deployed in earth orbit. It follows that

a small starshade design would have little practical value without corresponding mission and orbit

designs.
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1.3.2 Mission and Orbit Design

The most widely studied distributed telescopes of this class are probe-scale or larger starshade

missions that will be deployed at Lagrange points. As such, the resulting mission designs are very

di↵erent than formations that are deployed in earth orbit. Specifically, the proposed control systems

simply negate the relative acceleration between the spacecraft during observations. This approach is

impractical in earth orbit because the relative acceleration due to earth’s gravity is multiple orders

of magnitude larger.

There are currently three executed, attempted, or planned experiments in earth orbit with com-

parable formation flying requirements. The first is an experiment conducted on the PRISMA mission

in 2012 intended to demonstrate formation flying technologies needed for the Nearby Earth Astro-

metric Telescope (NEAT) mission concept [27]. During this experiment, the formation was aligned

with each of nine target stars for periods of 1400 seconds each over three orbits at a separation

of 12 meters. The second comparable mission is CANYVAL-X (NASA), which was developed to

demonstrate millimeter-level formation alignment with the sun for periods of several minutes at

10 m separation using two Cubesats in 2018 [28]. Unfortunately, the experiment has not yet been

performed due to malfunctions on the spacecraft [29]. The third comparable mission is the Proba-3

solar coronagraph mission under development at the European Space Agency, which is expected to

launch sometime in 2020 [30]. The formation will be launched into a highly eccentric orbit with an

apogee radius of over 60,000 km. At the apogee of each orbit, the formation will maintain alignment

with the sun with arcsecond-level precision at a separation of several hundred meters for a period of

six hours. The orbit was selected to simultaneously enable long continuous observations and ensure

that the thrusters can control the formation alignment regardless of the orientation of the pointing

vector to the sun. The mission uses a two-phase operations concept, conducting observations with

the formation aligned with the sun at the apogee of each orbit and performing formation reconfigu-

rations between each observation [31]. During observations, the formation will maintain alignment

with arcsecond-level accuracy at separations of over 150 m.

A common characteristic of all three of these missions is that they have small inter-spacecraft

separations and correspondingly small relative accelerations (order of 10�5 m/s or lower) during

observations. Due to this property, these experiments have modest delta-v costs regardless of the

orbit orientation. However, a starshade formation will have an inter-spacecraft separation that is

multiple orders of magnitude larger than these missions. The resulting increase in the delta-v cost

using these mission designs is impractically large. Thus, new mission and orbit designs are needed
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to enable distributed telescopes with large inter-spacecraft separations (order of 100 m or more) in

readily accessible orbits.

It should be noted that some authors have attempted to design missions by simply scaling up

the designs of previous experiments. However, these studies are not readily available in literature

because the mission designs are infeasible. For example, a mission design inspired by the work done

in this dissertation was briefly studied by NASA’s Starshade Readiness Working Group (SSWG)

in 2016 [32]. This mission consists of a 1-3 m diameter starshade deployed in a halo orbit around

the International Space Station (ISS) at a separation of approximately 100 km. The formation is

aligned with targets of interest using a telescope on the ISS while the formation is in earth’s shadow.

However, the considered orbit designs call for impractically large delta-v costs of 100-1000 m/s per

day of observation.

1.3.3 Linear Dynamics Models of Spacecraft Relative Motion

The most accurate STMs for spacecraft relative motion can be computed by numerically integrating

the variational equations of motion as done in the navigation filter on the PRISMA mission [33].

However, evaluation of a numerically integrated STM is computationally expensive. As such, this

technique is only suitable for applications that require infrequent computations of the STM and can-

not be applied to control algorithms that may require thousands or more evaluations (e.g. numerical

maneuver planning algorithms). Also, a numerically integrated STM does not provide insight into

the geometry of the relative motion. Due to these limitations, development of closed-form STMs for

spacecraft relative motion in perturbed orbits remains an active research avenue.

Closed-form STMs for spacecraft relative motion in earth orbit can be divided into two broad

categories based on their state definition. The first category includes models that use states derived

from the position and velocity of the spacecraft. The second category includes models that use states

based on relative orbital elements (ROE), which are functions of the Keplerian orbit elements of

the spacecraft. A brief summary of the literature on models in both of these categories is provided

below. A more detailed comparison of these dynamics models can be found in [34].

The majority of models in literature are based on Cartesian states. Indeed, the first state

transition matrix (STM) for spacecraft relative motion is the well-known Hill-Clohessy-Wiltshire

(HCW) STM for formations in unperturbed, near-circular orbits [35]. The HCW STM uses a

relative state defined from the rectilinear relative position and velocity in a rotating frame centered

about one of the spacecraft. This STM has flight heritage on numerous programs including Gemini,
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Apollo, the Space Shuttle, and many others [36, 37, 38]. More recent work has demonstrated that the

HCW STM can be used to propagate a relative state defined through curvilinear coordinates with

orders of magnitude better accuracy [39]. Taking a slightly di↵erent approach, Lovell used nonlinear

combinations of the relative position and velocity to define a state based on the HCW invariants [40].

Additionally, works by Schweighart and Izzo expand on the HCW model by including first-order

secular e↵ects of J
2

and di↵erential drag [41, 42]. However, all of these models are only valid for

near-circular orbits. As of now the Yamanaka-Ankersen STM [43], which includes no perturbations,

is widely considered to be the state-of-the-art solution for linear propagation of relative position and

velocity in eccentric orbits and will be incorporated in the GN&C system of the PROBA-3 solar

coronagraph mission [44].

More recent works have derived STMs using states based on ROE. These states vary slowly with

time and allow the usage of astrodynamics tools such as the Gauss variational equations [45] to be

used to include perturbations. Noteworthy contributions can be divided into two general tracks.

The first track originates from an STM derived by Gim and Alfriend which includes first-order

secular and osculating J
2

e↵ects in arbitrarily eccentric orbits [46]. This STM was used in the

design process for NASA’s MMS mission [47] and is employed in the maneuver-planning algorithm

of NASA’s CPOD mission [48]. A similar STM was later derived for a fully nonsingular ROE state

[49] and more recent works have expanded this approach to include higher-order zonal geopotential

harmonics [50]. However, Alfriend’s derivation approach has not yet produced an STM that includes

non-conservative perturbations such as di↵erential atmospheric drag. Meanwhile, other authors have

worked independently to develop models using a di↵erent ROE state. Specifically, D’Amico derived

an STM in his thesis that captures the first-order secular e↵ects of J
2

and di↵erential drag on

formations in near-circular orbits [33]. This model has since been expanded by Gaias to include the

e↵ects of J
2

on formations with a non-zero relative semimajor axis and the e↵ects of time-varying

di↵erential drag on the relative eccentricity vector [51]. These models were first used in flight to plan

the GRACE formation’s longitude swap maneuver [52] and has since found application in the GN&C

systems of the TanDEM-X [53] and PRISMA [54] missions as well as the AVANTI experiment on

the Firebird mission [55].

However, there are no closed-form STMs in literature that simultaneously include the e↵ects of

J
2

and di↵erential drag on formations in eccentric orbits. In addition to enabling the distributed

telescope missions studied in this dissertation, such a model would find application in many other

formation flying problems.
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1.3.4 Impulsive Maneuver Planning

Minimizing the propellant cost of reaching a specified orbit is a canonical problem that has been

studied for decades. These studies are motivated by the fact that spacecraft propellant is limited and

cannot be replenished after launch. As a result, the return of a mission depends on the e�ciency

of the maneuver planning algorithm. In the field of spacecraft formation flying, this problem is

generally formulated as an optimal impulsive control problem for linear dynamical systems. This

formulation is selected because of two characteristic properties of the space environment. First, the

dynamics are well-understood and can be accurately approximated by linear models. In particular, it

has been found that linear models based on relative orbital elements simultaneously exhibit higher

accuracy and a wider range of applicability than models based in Cartesian states [34]. Second,

thruster firings are generally short and can be reasonably approximated as impulsive.

Solution methodologies for this problem can be divided into three broad categories: closed-

form solutions, direct optimization, and indirect optimization methods. Closed-form solutions are

highly desirable because they are robust, predictable, and computationally e�cient. However, such

solutions are inherently specific to the prescribed state representation, dynamics model, and cost

function. Indeed, such solutions have only been found to date for specific problems in spacecraft

formation flying [33, 56, 57, 58]. Direct optimization methods o↵er a greater degree of generality by

formulating the optimal control problem as a nonlinear program with the times, magnitudes, and

directions of the applied control inputs as variables [59]. However, the minimum cost is generally

a non-convex function of the times at which control inputs are applied [60]. As a result, such

methods generally find only a local minimum and cannot guarantee convergence to a globally optimal

solution. Some authors have sought to mitigate this issue by using genetic algorithms or multiple

initial guesses to identify multiple candidate local minima [61, 62], but these approaches still fail to

guarantee convergence to a global minimum.

Due to these weaknesses, the majority of numerical approaches in literature are based on indirect

optimization techniques that leverage properties of a primal/dual pair of optimization problems. The

majority of these approaches are based on some form of Lawden’s so-called “primer vector” [63],

which is an alias for the part of the costate that governs the control input according to Pontryagin’s

maximum principle. Using this method, the optimal control problem is cast as a two-point boundary

value problem where an optimal solution must satisfy a set of analytical conditions on the evolution

of the primer vector. While this approach has been studied continuously for over fifty years [64, 65,

66, 67, 48, 68], most studies in literature rely on an initial estimate of the number and times of control
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inputs. This estimate is refined until an analytical criteria is satisfied to add or remove a control

input. An algorithm of this type was proposed by Roscoe for spacecraft formation reconfigurations

in perturbed, eccentric orbits [48]. However, the algorithm is known to have a limited radius of

convergence because it models the cost of a control input as the square of its 2-norm. As a result,

the optimal cost varies with the number of allowed control inputs. Instead, an algorithm proposed by

Arzelier provides guaranteed convergence to a globally optimal solution using an iterative approach

based on successive discretizations of the time domain [68]. Specifically, this algorithm starts with a

minimal set of candidate times for control inputs and adds a candidate time at each iteration until

the optimality conditions are satisfied to within a user-specified tolerance. However, the algorithm

is developed under two limiting assumptions: 1) the cost of a control input is its p-norm, and 2)

the columns of the control input matrix are linearly independent. Also, no considerations are made

regarding the sensitivity of the cost of feasible solutions to errors in the control input times in corner

cases. A di↵erent approach to indirect optimization based on reachable set theory was proposed by

Gilbert in 1971 [69]. This approach provides guaranteed convergence to a globally optimal sequence

of impulsive control inputs for problems where the cost of a control input is a constant norm-like

function. This degree of generality enables modeling of e↵ects of constraints on the control system

(e.g. thruster locations on a spacecraft with fixed attitude). However, for some unknown reason this

approach has not been adopted by the aerospace industry.

Overall, a robust, e�cient, and globally convergent optimal maneuver planning algorithm is not

available in literature. In addition to its use to control spacecraft formations such as the one proposed

in this dissertation, such an algorithm could be used to generate optimal reference solutions that

can be used to characterize the performance of simpler control laws.

1.4 Contributions

1.4.1 Mission Design

This dissertation presents a novel formation design that enables distributed telescopes with large

separations to be deployed in readily accessible earth orbits. This design can be applied to a starshade

mission or any other distributed telescope that must maintain alignment with an inertial target such

as a star or galaxy. In contrast to previous studies, the proposed design leverages findings of modern

astrodynamics to ensure that the passive motion of the formation closely follows the desired motion.

This approach mission is able to achieve long integration times at low delta-v cost in the presence
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of large relative accelerations.

This design is used to demonstrate the technical feasibility and scientific value of a small star-

shade mission. The proposed operations concept for this mission is as follows. At launch, the

telescope spacecraft is stowed inside the larger starshade spacecraft. The formation is launched as a

secondary payload into a readily accessible orbit such as a geosynchronous transfer orbit (GTO) or

sun-synchronous low earth orbit (LEO). After separation from the launch vehicle, the larger space-

craft performs commissioning operations and deploys the starshade before ejecting the telescope

spacecraft. After ejection, the telescope spacecraft performs commissioning operations while the

starshade spacecraft acquires the desired nominal separation through a sequence of maneuvers that

are also used to calibrate the propulsion system(s). Once the required separation is established,

nominal mission operations begin using a two-phase operations concept inspired by the European

Space Agency’s planned PROBA-3 mission [31]. The nominal operations phases include: 1) an

observation phase during which a quasi-continuous control system keeps the formation precisely

aligned with the target, and 2) a reconfiguration phase during which one of the spacecraft performs

a sequence of maneuvers to ensure that the formation is properly aligned at the start of the next

observation phase. Without loss of generality, it is assumed in this dissertation that the starshade

spacecraft performs all maneuvers because its mass, volume, and power margins are expected to

be more favorable. The long shadow produced by the starshade is exploited to save propellant by

only applying control to counteract the relative acceleration perpendicular to the line-of-sight (LOS)

during observations.

It is expected that the mission will take one of the two forms illustrated in Figure 1.1. In the

first version (left plot of Figure 1.1), the formation is deployed in a GTO and uses a bright star

to characterize the optical performance of the starshade and image a known bright exoplanet. The

combination of low relative acceleration and weak perturbations allow this formation to accumulate

tens of hours or more of integration time on a single target at low delta-v cost. In the second version

(right plot of Figure 1.1), the formation is deployed in LEO and observes multiple targets of interest.

The large relative acceleration and perturbations in this orbit limit the achievable integration time

on a single target to an hour or less, meaning that such a formation can only image bright targets

such as debris disks. However, the passive orbit precession due to earth oblateness can be used

to align the formation with di↵erent targets at minimal propellant cost. The operations for these

missions are identical except that the LEO version will require multiple reconfigurations to align the

formation with di↵erent targets. While the optical design will depend on the selected target(s), it



CHAPTER 1. INTRODUCTION 13

is expected that the starshade diameter will be between one and five meters, the telescope aperture

will be 20 cm or less, and the inter-spacecraft separation will be several hundred kilometers. This

starshade will be designed to suppress starlight in near-ultraviolet wavelengths (⇠400 nm). These

specifications will be justified by the analysis in Chapters 2 and 3.

Observation
Arc

Line-of-
Sight

Target
StarReconfiguration

maneuvers

Line-of-
Sight

Target
Star

Reconfiguration
maneuvers

Observation
Arc

Figure 1.1: Illustration of GTO (left) and LEO (right) mission concepts noting quasi-continuous
alignment control during the observation phase (green) and reconfiguration maneuvers (red).

The mission design is validated through simulations of two example mission profiles. In the first

example mission, the formation is deployed in a GTO and used to image AEgir, a known planet

orbiting Epsilon Eridani [70]. In the second example mission, the formation is deployed in LEO

and used to image eight science targets. These simulations are also used characterize the delta-

v costs of these missions as well as their sensitivity to key error parameters. To ensure that the

simulated delta-v costs are realistic, these simulations are conducted using a multi-stage navigation

and control architecture inspired by full-scale starshade missions. During observations, a deadband

control law is used to ensure that the starshade remains within the shadow of the telescope. During

formation reconfigurations, a stochastic model predictive controller is employed that leverages the

dynamics models derived in Chapter 4 and the maneuver planning algorithm developed in Chapter

5. The e↵ects of navigation and control errors are characterized through comparison to reference

costs for observation and reconfiguration phases that are computed under the assumption of perfect

navigation and dynamics knowledge. Overall, these results demonstrate that navigation and control

requirements for these mission profiles can be met with current commercially available sensors and

actuators.
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1.4.2 Optical Design

The contributions of this dissertation to optical design for starshade missions are twofold. First, it is

demonstrated that targets of scientific interest can be imaged by a telescopes suitable for deployment

on microsatellites or CubeSats. Specifically, it is demonstrated that the required integration time for

imaging large, bright exoplanets is on the order of tens of hours. Instead, su�ciently bright debris

disks can be imaged with integration times on the order of minutes. Additionally, the sensitivity of

the required integration time to parameters such as the magnitude of the host star and the depth

of the shadow produced by the starshade are studied.

Second, a family of small, realizable starshades suitable for deployment in earth orbit is found.

These starshades have inner working angles (IWAs) of hundreds of milliarcseconds and can achieve

suppression of 10�7 or better in near-ultraviolet wavelengths. These designs have diameters of one

to five meters and inter-spacecraft separations of hundreds of kilometers. These parameters are more

than ten times smaller than those of designs for probe-class or larger missions. To demonstrate that

these starshades are realizable, an error budget is developed for a point design using the same tools

developed to analyze starshades for NASA’s Exo-S mission [26].

Combining these results, this research demonstrates that an optical system consisting of a small

telescope and starshade can simultaneously validate the scalar Fresnel field model at high contrast

and obtain direct images of targets of scientific interest.

1.4.3 Orbit Design

This dissertation includes absolute and relative orbit designs that minimize the delta-v cost of

aligning a spacecraft formation with an inertial target such as a star. First, relative states are

identified where the relative acceleration is aligned with the relative position vector, ensuring passive

formation alignment. Optimal observation maneuvers are designed to minimize the deviation of

the relative state from these configurations over finite time intervals. The delta-v costs of these

maneuvers are derived in closed form and used to identify optimal orbits. Next, it is demonstrated

that these orbits also minimize the cost of formation reconfiguration maneuvers required to re-align

the formation with the target over consecutive orbits. Finally, optimal initial orbits for a specified

target and observation profile that minimize the impact of perturbations such as earth oblateness

on the delta-v cost are computed in closed-form.

Overall, the proposed orbit design enables spacecraft formations in earth orbit to acquire and

maintain alignment with inertial targets for extended time periods at low delta-v cost.
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1.4.4 Linear Dynamics Models for Spacecraft Relative Motion

This dissertation presents a new derivation methodology for STMs that model spacecraft relative

motion in orbits of arbitrary eccentricity subject to multiple perturbations. This derivation approach

consists of two steps. First, a first-order Taylor expansion is performed on the equations of relative

motion including considered perturbations. Second, the linear di↵erential equations are then solved

in closed-form. The proposed methodology is used to derive four new STMs for each of three

di↵erent ROE state definitions, for a total of twelve new STMs. The first model developed for

each ROE state includes the e↵ects of the J
2

perturbation on orbits of arbitrary eccentricity. The

second model also includes the e↵ects of di↵erential drag on eccentric orbits. This model imposes

two additional requirements: 1) an a-priori atmospheric density model must be available, and 2)

the state must be augmented with the di↵erential ballistic coe�cient between the spacecraft. To

address the well-known uncertainty in atmospheric density models, the third STM for each state

uses a density-model-free approach for eccentric orbits inspired by Gaias’s model for near-circular

orbits [51]. This model requires the state to be augmented with the time derivative of the relative

semimajor axis, which can be estimated in flight. Finally, the fourth model generalizes the density-

model-free approach to orbits of arbitrary eccentricity. All of the derived STMs are validated through

comparison with a high-fidelity numerical orbit propagator including a general set of perturbations.

In order to assess the robustness of the density-model-free STMs, an initialization procedure is

employed which includes estimation errors consistent with the real-time performance of current

state-of-the-art relative navigation systems.

Next, the density-model-free STMs are leveraged to generalize the geometric interpretation of the

e↵ects of J
2

and di↵erential drag on relative motion in near-circular orbits provided by D’Amico [33]

to orbits of arbitrary eccentricity. Also, current literature on STMs is harmonized by demonstrating

that models obtained by previous authors are equivalent to the models derived in this dissertation

under additional assumptions.

Overall, the proposed derivation methodology enables computation of more accurate state tran-

sition matrices that include the e↵ects of conservative and non-conservative perturbations on space-

craft relative motion in orbits of arbitrary eccentricity. As shown by Sullivan [34], these models are

simultaneously simpler and more accurate than comparable models in literature. In addition to its

application in this research, the geometric intuition provided by these models may inform the design

of many future formation flying missions.
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1.4.5 Impulsive Maneuver Planning

To minimize propellant consumption during formation reconfigurations, this research includes devel-

opment of a simple, robust, computationally e�cient, and globally convergent impulsive maneuver

planning algorithm. The solution methodology requires only three assumptions: 1) the objective

can be expressed as the sum of costs of the maneuvers, 2) the cost of a maneuver is a time-varying

norm-like function, and 3) no constraints are imposed on the state at intermediate times. Because

no domain-specific assumptions are imposed, this methodology can be applied to any linear time-

variant system as long as the state transition matrix, control input matrix, and the boundaries of

the sublevel sets of the cost function can be evaluated.

The contributions of this research to the state-of-the-art are threefold. First, necessary and

su�cient optimality conditions are derived for the aforementioned class of optimal control problems.

This derivation recovers all of the main findings of Lawden’s primer vector theory [63] for impulsive

control input profiles (under the same additional assumptions) while providing a simple geometric

interpretation of the meaning of the dual variable. Second, a method of quickly computing a lower

bound on the minimum cost is proposed using any feasible solution to the dual problem. Third, a

new three-step algorithm is proposed to compute globally optimal impulsive control input profiles.

First, an initial set of candidate times for control inputs is computed from an a-priori estimate of the

optimal dual variable. Second, the set of candidate times and dual variable are iteratively refined

using a globally convergent update step until the optimality conditions are satisfied to within a

user-specified tolerance. Third, a globally optimal impulsive control input profile is computed from

the dual variable. The geometry of the problem is exploited at every step to ensure robustness to

corner cases and minimize computation cost.

The algorithm is validated in three steps. First, the performance of the algorithm is demonstrated

through implementation in a challenging example formation reconfiguration problem based on the

proposed technology demonstration mission. Second, a Monte Carlo experiment is performed to

demonstrate the robustness of the algorithm. This experiment includes three di↵erent initialization

schemes to characterize the sensitivity of the number of required iterations to poor initial guesses.

Third, the computational cost of the algorithm is profiled on a space-qualified microprocessor for

nanosatellites.

Overall, the proposed algorithm enables e�cient computation of globally optimal solutions for a

challenging class of impulsive control problems. In addition to its use in this research, this algorithm

has potential for application in a wide range of other areas. For example, mission designers can use it
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to generate optimal reference solutions for use in development of simpler control systems. Specifically,

the sub-optimality of a proposed control law can be rigorously characterized by comparison to the

reference solution, enabling quick and accurate determination of whether potential improvements

are worthwhile.

1.5 Reader’s Guide

This dissertation is divided into seven chapters that cover distinct aspects of the design and analysis

of the mission. After this introduction, Chapter 2 presents the optical design for the mission. Next,

Chapter 3 presents orbit designs that minimize the total delta-v cost of aligning a formation in

earth orbit with an inertial target. Chapter 4 presents a new derivation methodology for state

transition matrices using states based on relative orbital elements. Next, Chapter 5 presents a new

algorithm that provides globally optimal impulsive maneuver sequences for fixed-time, fixed-end-

condition control of linear time-variant systems. Chapter 6 combines these results and demonstrates

the validity of the proposed mission design through simulations of two reference missions using a

novel multi-stage navigation and control architecture. Finally, Chapter 7 summarizes the results of

this research and provides recommendations for further study.



Chapter 2

Optical Design

The optical system for a starshade formation consists of two elements: a starshade and a telescope.

The starshade must be designed to meet two requirements. First, the inner working angle must be

small enough that the starshade does not block the light from the target. Second, the starshade must

produce a deep enough shadow to ensure that di↵racted starlight does not degrade collected images.

The telescope can be of a standard design because the starshade prevents light from the star from

ever reaching the telescope. However, the telescope must simultaneously be small enough to fit within

the shadow produced by the starshade and large enough to enable detection or characterization of

targets of interest with reasonable integration times.

In this dissertation these requirements are analyzed using the following metrics. The first metric

is the flux ratio of the target, which is defined as the ratio of the brightness of the target to the

brightness of the host star. This metric drives the requirements on the depth of the shadow produced

by the starshade. The second metric is the suppression produced by the starshade, which is the

ratio of the maximum intensity of attenuated starlight in the pupil plane to the intensity of the

unattenuated light. The third metric is contrast, which is defined as the ratio of the maximum

digital count due to starlight leakage in the focal plane to the maximum digital count from the star

if it were not blocked by the starshade.

2.1 Target Selection

Because the starshade and telescope are much smaller than previous designs, it is necessary to

identify scientifically interesting targets with more relaxed optical requirements than earth analogs.

18
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Specifically, these targets must have a larger angular separation from their host star and exhibit a

higher flux ratio. Targets with relaxed optical requirements can be divided into two broad categories:

debris disks and large, bright exoplanets. A survey of potential targets of interest was conducted

based on the detection capabilities of small telescopes as described in the following section. A

selection of identified targets is shown in Table 2.1. These targets are classified into three categories:

1) known debris disks (DD), 2) candidates for nearby-earth-search for future flagship missions (NES),

or 3) known planets brighter than earth analogs (KP). Outer disk sizes are provided if known.

Table 2.1: Potential targets classified as known debris disks (DD), known exoplanets (KP), or
potential nearby-earth-search (NES).

Object B mag. Dist. (pc) Type Outer disk size (arcsec)
Epsilon Eridani 4.6 3.2 DD, KP, NES 43
Tau Ceti 3.6 3.7 DD, KP, NES 4
Fomalhaut 1.3 7.8 DD, KP 41
HR8799 6.2 40.4 DD, KP 28
Beta Leo 2.2 11.0 DD 7
61 Vir 5.4 8.6 DD 22
Procyon 0.8 3.5 NES -
Omi 02 Eri 5.9 3.5 NES -
Alpha Aquillae 1.0 5.1 NES -
107 Psc 6.1 7.5 NES -

Overall, this survey shows that there are a number of scientifically interesting targets exist that

can be detected with small telescopes. Indeed, almost all of the targets in Table 2.1 could be imaged

using a starshade with an inner working angle on the order of hundreds of milliarcseconds and

contrast of 10�8. These requirements can be used to bound the space of feasible starshade designs

and telescope sizes.

2.2 Telescope Sizing

To minimize cost, the telescope should be as small as possible subject to the constraint that it can

validate the optical performance of the starshade and characterize targets of scientific interest within

a specified integration time. The sizing problem can be solved through analysis of the signal-to-noise

ratio (SNR) for a given telescope size and target optical properties. The SNR must be at least five

to ensure that a real target has been detected or larger to perform geometric or spectroscopic
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characterization. For optical systems, the SNR is defined as

SNR =
µ
sig

q

�2

sig

+ ⌃�2

noise,j

(2.1)

where µ
sig

denotes the mean signal from the target, �
sig

denotes the standard deviation of the

signal, and �
noise,j

denotes the standard deviation for each included noise source. The optical

model employed in this analysis includes telescope transmission, detector quantum e�ciency, read

noise, dark current, background noise from solar zodii, light leakage from the starshade, and noise

from debris disks (for exoplanet SNR computations). The values of each of these parameters are

included in Table 2.2. This model is used to determine the required integration time to characterize

debris disks and bright exoplanets using small (10-20 cm aperture) telescopes.

Table 2.2: Optical model parameters.

Parameter Value
Instrument spectrum 360-520 nm
Telescope transmission 75%
Quantum e�ciency 87%

Read noise 5 e�/pix
Dark current 0.001 e�/(pix sec)
Plate scale 0.45 arcsec/pix
Solar zodii 22 mag/arcsec2

Debris disk 20.8 mag/arcsec2

2.2.1 Debris Disk Imaging

The flux ratio of debris disks is proportional to their density. Figure 2.1 shows the minimum surface

brightness that can be detected with a SNR of five in one five minute exposure using a 10 cm

telescope as a function of the apparent magnitude of the host star and the contrast of the starshade.

For simplicity, it is assumed that the disk is one square arcsecond in size and that the pixel pitch

is set at 0.4 arcseconds to achieve Nyquist sampling. The main conclusion that can be drawn from

this plot is that disks around most nearby stars with a surface brightness of 22 mag/arcsec2 can

be detected as long as the contrast provided by the starshade is 10�7 or better. However, several

important caveats must be added. First, the plot in Figure 2.1 includes only disks that can be

detected photometrically by summing all the light over the disk’s extent. Resolving structure in the

disk in N distinct regions would increase the exposure time by roughly N . Second, the detectability
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of debris disks also depends on their geometry. For example, an edge-on disk like Beta Pictoris is

favorable since the light of the (optically thin) disk is concentrated over a small region of the science

field of view and morphologically distinct from most scattered light artifacts. Instead, extended

face-on disks might resemble the halo of light leaking around the starshade and cover more detector

pixels, reducing sensitivity for a given density. Still, these calculations show that even moderately

bright disks (flux ratio of at least 10�6) will be detectable. Brighter disks may be partially resolved,

allowing measurement of inclination and brightness vs azimuth.
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Figure 2.1: Detectable debris disk surface brightness for a five minute observation using 10 cm
telescope vs apparent magnitude of the host star and starshade contrast.

2.2.2 Exoplanet Imaging

To determine what planets can realistically be imaged, the required integration time for detection

of an exoplanet was computed for a range of telescope diameters, host star magnitudes, starshade

contrasts, and flux ratios. It was found that detecting planets with realistic properties with a 10 cm

telescope is infeasible. However, some planets can be detected with a 20 cm telescope. The required

integration time for a 5-� detection of an exoplanet using a 20 cm telescope for a starshade contrast

of 10�8 plotted against the B-band apparent magnitude of the host star and the relative brightness

of the planet in Figure 2.2. The main conclusion that can be drawn from this plot is that planets

with flux ratios of 10�8 to 10�7 can be detected with tens of hours of integration time provided

that the host star is su�ciently bright. It should be noted that these integration times are only
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su�cient to detect the planet and spectroscopic characterization would require considerably longer.

However, this analysis demonstrates that a range of scientifically interesting targets can be imaged

with telescopes that can be deployed on small satellites.
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Figure 2.2: Required integration time for 5-� detection of an exoplanet using 20 cm telescope vs
apparent magnitude of the host star and flux ratio of the planet for a starshade contrast of 10�8.

2.3 Starshade Design

The starshade must be designed to meet the inner working angle and contrast requirements to image

the targets described in Section 2.1. It has been known for some time that petal-shaped starshades

can meet both of these requirements [22, 23, 13]. An example of this type of starshade is shown

in Figure 2.3. This design produces a deep shadow by ensuring that the light di↵racting around

the starshade destructively interferes. In Figure 2.3 this is equivalent to ensuring that the gray

and white areas (corresponding to opposite phases of the di↵racted light passing the starshade) are

equal. However, studies in literature aim to produce starshades with contrast of 10�10 in the visible

spectrum and inner working angles of tens of milliarcseconds to enable imaging of earth analogs,

resulting in gigantic designs [13, 11, 71]. In contrast to these studies, it will be demonstrated in the

following that it is possible to su�ciently reduce the starshade radius and inter-spacecraft separation

to allow the formation to be deployed in earth orbit while providing a deep enough shadow to validate

the scalar Fresnel model and detect the science targets described in the previous section (Table 2.1).
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Figure 2.3: Example petal-shaped starshade (black) including Fresnel half-zones (gray and white).

2.3.1 Scaling Relations

The first step in the design process is to bound the feasible design space. As previously shown by

Glassman [25], starshade performance is driven by two variables: the inner working angle IWA and

the Fresnel number F . These parameters are defined as

IWA =
R

z
F =

R2

z�
= IWA

R

�
(2.2)

where R is the starshade radius and z is the separation between the starshade and telescope. The

required IWA is governed by the properties of the target for a given mission. All of the targets

described in Section 2.1 can be imaged using starshades with an IWA of hundreds of milliarcseconds.

Next, it is necessary to consider the Fresnel number. It was demonstrated by Cash and Glassman

that the achievable suppression of a starshade is correlated with the Fresnel number [72, 25]. This

behavior is expected because F is approximately equal to the di↵erence in path lengths from the

center of the pupil plane to the center and edge of the starshade measured in wavelengths. In

Figure 2.3 it is the number of gray rings that are at least partially obstructed by the starshade.

Under this interpretation, it is evident that increasing F increases the phase diversity of the light

di↵racting between the petals, increasing the depth of the shadow. From previous studies [13, 73],

the required F to achieve su�cient contrast to image earth-like planets is approximately ten. To

enable a small-scale starshade formation deployed in earth orbit, it is necessary to minimize R and

z as much as possible while minimizing the impact on F . From Equation 2.2 it is evident that F

is proportional to IWA and R and inversely proportional to �. Since IWA can be increased by an
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order of magnitude compared to flagship missions, it follows that R can be reduced by a factor of

at least ten. It is possible to further reduce the size of the starshade by decreasing �. However, the

wavelength cannot be reduced indefinitely because the star must be su�ciently bright in the chosen

spectrum to allow the target to be detected. As such, it is hereafter assumed that the starshade will

be designed to work in near-ultraviolet wavelengths such as the U-band (300-430 nm) or B-band

(360-520 nm). Finally, the targets described in Section 2.1 have larger flux ratios than earth analogs.

Thus, it is expected that these targets can be imaged using a starshade with a lower Fresnel number.

The search space considered in this dissertation includes all geometries with inner working angles

not exceeding one arcsecond and Fresnel numbers between one and ten. This design space is shown

in Figure 2.4 for starshades designed to block wavelengths in the U-band (left) and B-band (right).

In these plost, the dark gray shaded region indicates combinations of R and z with Fresnel numbers

between five and ten (which likely have scientifically useful contrast performance) and the diagonal

lines indicate selected reference values of the inner working angle. The light gray shaded region

indicates Fresnel numbers between one and five, which may not provide su�cient contrast to image

targets of interest. The key result from this plot is that there are a range of viable starshade

geometries with inner working angles of 0.4-1 arcseconds. These starshades have diameters of 1-5 m,

easily accommodating the 10-20 cm aperture telescopes needed to image the aforementioned science

targets. The separations required by these starshades are between 100 and 1200 km.

Figure 2.4: Illustration of relationships between R, z, F , and IWA in design space for small star-
shades designed to work in U-band (left) and B-band (right).

Overall, these results demonstrate that there exists a family of small starshades that meet the

inner working angle requirements for scientifically interesting targets at the same Fresnel number as

full-scale designs. Also, the inter-spacecraft separations for these designs are small enough to enable

deployment in earth orbit.
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2.3.2 Petal Shape Design

While the preceding analysis provided simple bounds on the search space for miniaturized starshades,

it is still necessary to characterize the relationship between F and the depth of the shadow produced

by the starshade. To accomplish this, it is necessary to compute starshade designs for a set of

points in the described search space. This is accomplished using a modified version of Vanderbei’s

optimization problem [23] as described in the following. Using scalar Fresnel theory, the light passing

the starshade is modeled as a plane wave with complex scalar amplitude E
0

and wavelength �. The

starshade is assumed to have an even number N of identical petals with shapes defined in terms of

an apodization function, A(r), which denotes the fraction of the arc at radius r covered by the petal.

This apodization satisfies 0  A(r)  1 for all r  R and A(r) = 0 for all r > R. As demonstrated

by Vanderbei [23], the propagated electric field at a location in the pupil plane a distance z from

the starshade with polar coordinates ⇢ and � can be modeled as

E(⇢,�, z,�) = E
0
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For su�ciently large N , it has been shown that �-dependent terms only play a role far from the

optical axis. As such, the electric field in the aperture plane can be approximated by

E(⇢, z,�) = E
0

e2⇡iz/�
✓

1� 2⇡

i�z

Z

R

0

A(r) J
0

✓

2⇡⇢r

�z

◆

e
⇡i

�z

(r

2
+⇢

2
)r dr

◆

(2.4)

According to this model, the magnitude of the electric field for each ⇢, z, and � is a convex function

of the apodization function at each r. It follows that the A(r) that produces the deepest shadow

can be computed using standard convex optimization solvers for a specified discretization of r.

However, it is also necessary to impose constraints to ensure that the resulting starshade designs are

physically realizable and structurally sound. For this dissertation, four constraints are imposed to

provide realistic starshade designs. The first three are based on Vanderbei’s suggested constraints

[23] and the fourth constraint ensures that the proposed petal shapes can be easily deployed on a

small spacecraft.



CHAPTER 2. OPTICAL DESIGN 26

First, it is expected that the middle portion of the starshade will be entirely opaque to accom-

modate the spacecraft bus and solar panels. The resulting constraint is given by

A(r) = 1 0  r  R
solid

(2.5)

where R
solid

is the radius of the opaque portion of the starshade.

Second, it is desirable to ensure that the petal width decreases with increasing r for structural

rigidity. This can be accomplished by ensuring that A(r) monotonically decreases as given by

dA

dr
(r)  0 0  r  R (2.6)

Third, the petal profile will be subject to machining constraints. As such, it is desirable to bound

the curvature of the petals to ensure that the resulting shape does not have sharp corners that are

di�cult to accurately manufacture. This can be accomplished using a constraint of the form

⇡r

N

�

�

�

�

�

d2A

dr2
(r)

�

�

�

�

�

 A00
max

0  r  R (2.7)

where A00
max

is the maximum curvature allowed by the machining tool.

Finally, it is necessary to ensure that the proposed petal shapes can be deployed. It is assumed

in this work that the petals are deployed using a two-stage folding system as proposed in [74]. To

be compatible with this deployment system, A(r) must satisfy the constraint given by

A(r)  N

⇡
arcsin

 

2R
solid

r
sin

 

⇡

N

!!

2R
solid

 r  R (2.8)

Combining these constraints with the formulation of the electric field, the complete optimization
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problem is given by

minimize: E2

max

subject to:

|R(E(⇢, z,�))| < E
max

/
p
2 0  ⇢  ⇢
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 �  �
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min

 z  z
max

,

|I(E(⇢, z,�))| < E
max

/
p
2 0  ⇢  ⇢

max

�
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 �  �
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z
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 z  z
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,

dA

dr
(r)  0 0  r  R,

⇡r

N

�

�

�

�

�

d2A

dr2
(r)

�

�

�

�

�

 A00
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0  r  R,

A(r) = 1 0  r  R
solid

, A(r)  N

⇡
arcsin

 

2R
solid

r
sin

 

⇡

N

!!

2R
solid

 r  R

(2.9)

where E
max

is he maximum amplitude of the electric field in the shadow, ⇢
max

is the desired shadow

radius, �
min

and �
max

are the minimum and maximum wavelengths of the telescope instrument, and

z
min

and z
max

are the minimum and maximum allowable separations. The separation constraint

was introduced to enable observation phases in which control is only applied perpendicular to the

line of sight. For this study z
min

and z
max

are set at 99% and 101%, respectively, of a baseline

separation z
mean

. In this study it is assumed that N is 16, R
solid

is equal to 0.4R, and A00
max

is 2000

m�1. To characterize the sensitivity of starshade performance to the Fresnel number, a number of

starshade designs were computed by solving the optimization problem in Equation 2.9 using CVX

[75, 76]. Starshade designs were computed to block the U-band (300-430 nm) and B-band (360-520

nm) spectra for each combination of R, z
mean

, and ⇢
max

in Table 2.3 such that the Fresnel number

is between one and ten at the median wavelength and the inner working angle is not greater than

one arcsecond.

Table 2.3: Starshade design parameter sets.

R (m) 1.00 1.25 1.5 1.75 2.00 2.25 2.50 2.75 3.00 -
z
mean

(km) 200 400 600 800 1000 1200 1400 1600 1800 2000
⇢
max

(cm) 15 30 - - - - - - - -

The suppression (E2

max

/E2

0

) produced by the starshade designs is plotted against the Fresnel

number, shadow radius, and spectrum in Figure 2.5 (left). It is evident from this plot that the

achievable suppression can be approximated as a log-linear function of the Fresnel number for a

specified shadow size with only minor dependence on other parameters, in agreement with Cash’s

findings for starshades based on hypergaussian functions [72]. As a result, the minimum Fresnel

number required to achieve a specified suppression level can be easily estimated. For example, a
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suppression of 10�7 requires a Fresnel number between seven and eight, depending on the shadow

diameter. These results clearly demonstrate that it is possible to reduce the Fresnel number (and

correspondingly the starshade radius and separation) by 10-30% as compared to previous studies

[13] while ensuring that the shadow is deep enough to image the targets described in Section 2.1.

This behavior is consistent with the findings from a preliminary study by the author that considered

a much larger search space [74]. Also, it was noted that for each combination of R and z
mean

the suppression produced by the starshade design for a 15 cm shadow was always better than the

suppression for a 30 cm shadow. This behavior is expected because the constraints for the 15 cm

shadow are a subset of the constraints for any larger shadow.
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Figure 2.5: Starshade suppression vs Fresnel number (left) for 15 cm shadow radius (hollow mark-
ers) and 30 cm shadow radius (solid markers) in U-band (squares) and B-band (circles) and star-
shade suppression vs number of petals (right) for reference starshade with theoretical suppression
of 1⇥10�10.

To further validate the feasibility of small starshades, it is necessary to determine how many

petals are required to achieve a specified suppression. To meet this need, the suppression for a

reference starshade design (R = 1.5 m, z
mean

= 500 km) with a theoretical suppression of 1⇥ 10�10

was computed using the model in Equation 2.3 varying the number of petals from 2 to 20. The

resulting suppression is plotted against the number of petals in Figure 2.5 (right). It can be seen

that a starshade with as few as 8 petals can achieve a suppression of 10�6 and higher suppressions

can be achieved using 10-16 petals. Increasing the number of petals beyond 16 provides no benefit.

Finally, it is necessary to characterize the sensitivity of starshade performance to manufacturing

and deployment errors. An error budget was developed for a point design with the help of the Jet

Propulsion Laboratory using the same analysis employed for the Exo-S study [26]. This error budget
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is provided in Appendix A and includes petal shape errors, bending, tip clip, rotation, translation,

thermal expansion, and other shape perturbations. It was found that a contrast of 3 ⇥ 10�9 is

achievable with a tolerance of one micron in the most critical error parameters (sine errors in the

petal shape). The contrast performance behaves quadratically with each error term, so a more

relaxed contrast performance of 1 ⇥ 10�7 can be obtained with tolerances of five microns. While

these tolerances are smaller than those proposed for full-scale missions such as Exo-S (which calls

for ten micron tolerance), it is expected that these requirements will be easier to meet for a small

starshade because assembly and deployment can be simplified.

Overall, these results demonstrate the existence of a realizable family of small starshades that

can be used to validate the scalar Fresnel theory optical model at high contrast levels and enable

direct imaging of scientifically interesting targets. Also, the inter-spacecraft separations required by

these designs are on the order of hundreds of kilometers, which is feasible for deployment in earth

orbit.



Chapter 3

Orbit Design

A key finding from the previous chapter is that the smallest starshades with scientific and techno-

logical value require inter-spacecraft separations of hundreds of kilometers. This is multiple orders

of magnitude larger than the separation for any past (PRISMA [27]) or upcoming (Proba-3 [30])

mission in earth orbit that requires a formation to be aligned with an inertial target. This increase

in separation would dramatically increase the relative acceleration and the delta-v cost of maintain-

ing formation alignment It is therefore evident that absolute and relative orbits that minimize the

delta-v cost of aligning a formation with an inertial target are a key enabler for distributed telescopes

with large separations in earth orbit.

To meet this need, this chapter presents absolute and relative orbit designs that minimize the con-

trol input required to align a spacecraft formation in earth orbit with an inertial target. Specifically,

the developed orbit designs minimize the required delta-v to acquire and maintain alignment with

a specified target for finite intervals over consecutive orbits including the e↵ects of perturbations.

3.1 Observation Phase Analysis

The orbit designs derived in the following are based on the fundamental assumption that control is

only applied perpendicular to the line-of-sight (LOS) during observations to save propellant. Using

this approach, it is evident that the delta-v cost of maintaining formation alignment is minimized

by selecting the absolute and relative orbits such that relative acceleration vector between the

spacecraft is (anti-)parallel to the relative position vector. With this in mind, it is reasonable to

neglect perturbations in the following analysis because they are multiple orders of magnitude weaker

30
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than spherical earth gravity. Let r

tel

and r

shade

denote the position vectors of the telescope and

starshade, respectively, in the earth-centered inertial (ECI) frame. Next, let the relative position

vector ⇢ in the ECI frame be defined as

⇢ = r

shade

� r

tel

(3.1)

Using these variables, the relative acceleration ⇢̈ between the spacecraft due to spherical earth

gravity is given by

⇢̈ = µ

 

r

tel

||r
tel

||3 �
r

shade

||r
shade

||3
!

= µ

 

r

tel

||r
tel

||3 �
r

tel

+ ⇢

||r
tel

+ ⇢||3
!

(3.2)

where µ is earth’s gravitational parameter. This relative acceleration can be decomposed into com-

ponents parallel (⇢̈k) and perpendicular (⇢̈?) to the relative position vector as given by

⇢̈k =
⇢̈ · ⇢
||⇢||2⇢ ⇢̈? = ⇢̈� ⇢̈ · ⇢

||⇢||2⇢ (3.3)

It is now convenient to consider the relative position vector in the radial/tangential/normal (RTN)

frame defined with respect to the telescope spacecraft. In this frame, the radial (R) direction is

aligned with the position vector of the telescope spacecraft, the normal (N) direction is aligned with

the angular momentum vector, and the tangential direction completes the right-handed triad. If r
tel

denotes the orbit radius of the telescope, ⇢ denotes the magnitude of the relative position vector,

and ⇢̂
R

denotes the radial component of the unit vector parallel to ⇢, then the magnitude of the

relative acceleration perpendicular to the LOS, denoted ⇢̈?, can be expressed in closed-form as given

by

⇢̈? = µ
q

1� ⇢̂2
R

�

�

�

�

�

r
tel

(r2
tel

+ 2⇢̂
R

⇢r
tel

+ ⇢2)3/2
� 1

r2
tel

�

�

�

�

�

(3.4)

It is evident from Equation 3.4 that ⇢̈? is zero if either of two conditions is satisfied: 1) |⇢̂
R

| = 1,

or 2) ⇢̂
R

= �0.5⇢/r
tel

. The first condition means that the formation is aligned in the positive

or negative radial direction. To image a specified target, the velocities of the two spacecraft in

the ECI frame must be nearly identical. It follows that their specific mechanical energies will be

di↵erent if the formation is aligned in the radial direction, which means that the orbits must have

di↵erent semimajor axes. To enable periodic observations, it will be necessary to negate and re-

establish this di↵erence in semimajor axes between observations, incurring large delta-v costs. It is
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therefore evident that a radially aligned formation is not suitable for the proposed mission concept.

The second condition is satisfied whenever the telescope and starshade have equal orbit radii. To

minimize propellant consumption, the orbit should be designed to satisfy this condition during

observations.

In addition to minimizing the delta-v cost of an observation, it is desirable to maximize the

duration over which the formation can be allowed to passively drift along the LOS while remaining

within the deepest part of the shadow produced by the starshade. To meet this need, the maxi-

mum observation duration and corresponding initial conditions to ensure that the inter-spacecraft

separation remains within a specified margin �⇢ of the baseline are derived in the following. Under

the assumption that the spacecraft have equal orbit radii, the relative acceleration in Equation 3.2

simplifies to

⇢̈ = � µ⇢

r3
tel

(3.5)

Next, suppose that ⇢̄ denotes the baseline separation for the starshade design. If the observation

duration �t
obs

is small relative to the orbit period, the relative acceleration can be approximated

as constant. Under this assumption, the separation ⇢ between the spacecraft follows the parabolic

trajectory given by

⇢(t) = ⇢(t
0

) + ⇢̇(t
0

)(t� t
0

)� µ⇢̄

2r3
tel

(t� t
0

)2 (3.6)

where ⇢(t
0

) and ⇢̇(t
0

) are the separation and drift velocity at a reference time t
0

. For simplicity, this

reference time is assumed to be in the middle of the observation. Since the trajectory is parabolic,

maneuver duration is maximized by selecting the initial condition such that the separation reaches

its maximum value at t
0

and its minimum value at the beginning and end of the observation. The

initial separation ⇢(t
i

) and drift velocity ⇢̇(t
i

) that produce this trajectory are given by

⇢(t
i

) = ⇢̄

 

1� µ�t2
obs

16r3
tel

!

⇢̇(t
i

) =
µ⇢̄�t

obs

2r3
tel

(3.7)

To ensure that the di↵erence between ⇢(t) and ⇢̄ never exceeds �⇢ during the observation, �t
obs

must satisfy

�t
obs

 4

s

r3
tel

µ

�⇢

⇢̄
(3.8)

It is evident from Equation 3.8 that the duration of an observation depends only on the orbit radius

and the ratio �⇢/⇢̄. Assuming that �⇢/⇢̄ is 1% (from Section 2.3), the maximum observation

duration in LEO (r
tel

= 6900 km, orbit period of 95 min) is approximately 6 minutes. This is



CHAPTER 3. ORBIT DESIGN 33

su�cient to image the debris disks described in Section 2.1. However, to image exoplanets that

require many hours of integration time it will be necessary to use a larger orbit such as a GTO

(apogee radius of 42000 km, orbit period of 10.6 hours), which allows observation durations of up

to 1.5 hours. In both of these cases the maximum observation duration is small relative to the

orbit period, which validates the assumption that the relative acceleration can be approximated as

constant.

Now that the maneuver duration and initial conditions have been found, it is necessary to char-

acterize the delta-v cost of an observation. This cost, denoted �v
obs

, can be computed by simply

integrating the relative acceleration perpendicular to the LOS from Equation 3.4 as given by

�v
obs

=

Z

t0+�t

obs

/2

t0��t

obs

/2

⇢̈?(t)dt (3.9)

However, some simplifying assumptions can be made to render the integral analytically tractable.

First, the separation must remain within 1% of the baseline over the complete observation and can

be reasonably approximated as constant. Second, since the observation duration must be small

relative to the orbit period, r
tel

can be approximated as constant during the observation. Under

these assumptions, the only time-varying parameter in Equation 3.4 is ⇢̂
R

. To further simply the

integral, it is helpful to compute a linear approximation of ⇢̈? in the vicinity of the optimal ⇢̂
R

as

given by
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(3.10)

where the superscript + denotes the positive one-sided derivative, which is necessary to cope with

the absolute value in Equation 3.4. Substituting Equation 3.10 into Equation 3.9 yields

�v
obs

=
3µ⇢̄

r3
tel

s

1� ⇢̄2

4r2
tel

Z
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t0��t
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/2

�

�

�

⇢̂
R

(t) +
⇢̄

2r
tel

�

�

�

dt (3.11)

It is evident from this formulation that the cost is minimized by ensuring that ⇢̂
R

remains as close as

possible to �0.5⇢̄/r
tel

over the complete observation. With this in mind, it is instructive to consider

the evolution of the unit pointing vector to a star as seen in the RTN frame. If the observation is

performed at the apogee of an unperturbed orbit, the evolution of the unit pointing vector to an
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inertially fixed target in the RTN frame is governed by
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where e is the orbit eccentricity. From this equation it is evident that the rate of change of ⇢̂
R

is

proportional to ⇢̂
T

. It follows that |⇢̂
T

| should be minimized to ensure that ⇢̂
R

stays close to its

optimal value over the complete observation. In particular, if |⇢̂
T

| is zero, then d⇢̂
R

/dt is zero to first

order. It can also be seen that ⇢̂
N

is constant. Since the pointing vector must have unit magnitude,

it is possible to specify the ideal choices of ⇢̂
R

and ⇢̂
T

for a specified ⇢̂
N

as given by

⇢̂
R

= max
⇣
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From Equation 3.12, the time derivative of ⇢̂
R

in this configuration is given by
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Next, suppose that the pointing vector takes on the values described in Equation 3.13 at time t
0

.

Combining Equations 3.13 and 3.14, the behavior of ⇢̂
R

in the vicinity of t
0

can be approximated as
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Finally, substituting Equation 3.15 into Equation 3.11 and integrating yields
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(3.16)

where r
tel

= a(1+e) at the apogee of the orbit. It is evident from this equation that the delta-v cost

of a properly timed observation depends only on r
tel

, e, �t
obs

, ⇢̄, and ⇢̂
N

. Specifically, it is evident

that �v
obs

is zero to first order if the orbit is selected to ensure that ⇢̂2
N

= 1� 0.25⇢̄2/r2
tel

. Since ⇢̄

is expected to be small relative to r
tel

, the optimal ⇢̂
N

will be close to ±1, which means that the

relative position vector should be established primarily in the cross-track direction. Also, since the

corresponding optimal value of ⇢̂
R

from Equation 3.13 is �0.5⇢̄/r
tel

, the spacecraft will have equal
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orbit radii. It follows that the average angular momentum vector between the optimal telescope and

starshade orbits is exactly aligned with the target star.

The cost model in Equation 3.16 was validated through comparison to numerical simulations of a

formation with a 500 km baseline separation in LEO (a = 6900 km, e = 0) and GTO (a = 24500 km,

e = 0.714). In these simulations the telescope spacecraft follows an unperturbed Keplerian orbit and

control is applied to the starshade spacecraft to negate the relative acceleration perpendicular to the

LOS. The duration of each simulation was selected using Equation 3.8 for an assumed �⇢/⇢̄ of 1%

and the initial conditions for each simulation were computed from Equation 3.7. For optimally timed

observations, it was found that the di↵erence between the costs computed from the simulations and

Equation 3.16 was only 2%, validating the key modeling assumptions.

To characterize the sensitivity of this cost to alignment errors, the delta-v cost of these observation

phase simulations is plotted as a function of the radial and tangential components of the unit pointing

vector to the target in the RTN frame (computed in the middle of the observation) in Figure 3.1

for LEO (left) and GTO (right) orbits. It is evident from these plots that proper orbit selection can

reduce the cost of an observation by more than an order of magnitude. Also, the cost is more than

ten times more sensitive to deviations in ⇢̂
R

than ⇢̂
T

(note di↵erence in axis scaling). This behavior

is expected because the acceleration perpendicular to the LOS only depends on ⇢̂
R

. Finally, the

maximum deviation between the true separation and ⇢̄ for all of these simulations was 5.8 km or

1.16% of the baseline separation. This suggests that the observation duration should be selected to

be slightly shorter than stipulated in Equation 3.8 to provide some margin for modeling error. More

importantly, this behavior validates the assumption that it is not necessary to control the relative

motion along the LOS during observations.
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Figure 3.1: Numerically integrated delta-v costs for maximum duration observation maneuvers in
LEO (a = 6900 km, e = 0) (left) and GTO (a = 24500 km, e = 0.714) (right) for formation with
500 km baseline separation and 1% separation tolerance.
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Overall, these results demonstrate that delta-v cost of aligning a formation with an inertial

target is minimized by ensuring that three criteria are met: 1) the orbit radius is maximized, 2)

both spacecraft have equal orbit radii, and 3) the baseline separation is established in the cross-track

direction.

3.2 Reconfiguration Phase Analysis

Achieving su�cient integration time for detailed characterization of the science targets described in

Section 2.1 using a starshade formation in earth orbit will require multiple observation phases over

consecutive orbits. As such, it is also necessary to minimize the delta-v cost associated with formation

reconfigurations between observations. The maneuvers performed during the reconfiguration phase

must negate the combined e↵ects of three phenomena: 1) the change in the relative orbit caused

by control input during the previous observation phase, 2) the natural relative dynamics during the

reconfiguration, and 3) the rotation of the LOS in the RTN frame due to precession of the absolute

orbit (mainly inclination or right ascension of the ascending node (RAAN)).

Because the reconfiguration must counteract the e↵ects of control input during the previous

observation, it is reasonable to expect that minimizing the observation phase cost will simultaneously

minimize the reconfiguration phase cost. This hypothesis is further supported by the following

reasoning. To enable repeated observations of the same target, the relative motion of the formation

should be nearly periodic. This is only possible if the spacecraft orbits have the same time-averaged

semimajor axis. It follows that any di↵erence in the semimajor axis required to observe a specified

target (i.e., because ⇢̂
R

6= �0.5⇢̄/r
tel

) must be negated and re-established between observations.

Thus, an optimal orbit must ensure that both orbits have equal semi-major axes at the beginning

and end of each observation. Since the relative velocity between the spacecraft must be near zero

during observations, this means that the orbit radii must be equal. This is equivalent to one of the

requirements to minimize the cost of an observation phase.

Next, consider the rotation of the LOS in the RTN frame between observations due to precession

of the absolute orbit. If the inclination or RAAN of the spacecraft orbits are a↵ected by perturbations

(e.g. J
2

or solar radiation pressure), it will be necessary to perform maneuvers between observations

that adjust the relative motion so the formation stays aligned with the target star. If the relative

position vector in the RTN frame must be rotated by an angle  , then the required delta-v cost

�v
rotate

can be estimated as

�v
rotate

=
⇢̄ 

T
(3.17)
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The most significant perturbations that can a↵ect the inclination and RAAN in earth orbit are J
2

,

solar radiation pressure, and third-body gravity from the sun and moon. While the e↵ects of these

perturbations depend on the orbit size, separation, and di↵erential ballistic properties, their e↵ects

on the orbit of a spacecraft do not exceed 1o (0.017 rad) per orbit. For a baseline separation of

500 km and approximate orbit periods of 1.5 hrs for LEO and 10.6 hrs for GTO, the corresponding

delta-v costs to rotate the LOS in the RTN frame by one degree are 1.62 m/s and 0.23 m/s for LEO

and GTO, respectively, from Equation 3.17. By comparing these costs to those in Figure 3.1, it

is evident that the potential delta-v savings obtained by minimizing the e↵ects of this rotation are

negligible compared to the corresponding increase in the observation phase cost.

Overall, this analysis supports the hypothesis that designing the orbit to minimize the delta-

v cost of observation phases simultaneously minimizes the cost of formation reconfigurations for

repeated observations of the same target.

3.3 Minimizing Perturbation E↵ects

Thus far it has been demonstrated that the delta-v costs of observations maneuvers and formation

reconfigurations are minimized if the orbit radius is maximized. This means that the observation

phase should be centered at the apogee and the semimajor axis and eccentricity should be as large as

possible. Additionally, the formation should be aligned in the cross-track direction when observations

are performed (specifying inclination and RAAN). Under the e↵ects of perturbations, the inclination

and RAAN should be selected such that they reach their optimal values in the middle of the expected

mission lifetime. However, no constraints have yet been imposed on the argument of latitude ✓ when

observations are performed (or argument of perigee ! for eccentric orbits). This parameter can be

freely selected to minimize the e↵ect of perturbations on the delta-v cost or to simplify mission

operations. As shown in Figure 3.1, the delta-v cost of an observation is more than ten times more

sensitive to errors in ⇢̂
R

than to errors in ⇢̂
T

. It follows that ✓ should be selected to ensure that

the pointing vector to the target evolves in the along-track direction over the mission lifetime. For

GTO and smaller orbits, the dominant perturbation is earth oblateness (J
2

), which causes a secular

drift in the RAAN and does not a↵ect the inclination. If observations are performed at the extreme

latitudes (✓ = 90o or 270o), then the precession of the RAAN will cause the pointing vector to evolve

in the along-track direction (see Equation 3.12), minimizing delta-v costs. On the other hand, if

observations are performed at the nodes (✓ = 0o or 180o), then the pointing vector to the target will

evolve in the radial direction, increasing the costs of both observation and reconfiguration phases.
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However, it is expected that location of observation phases will have little impact on the total delta-v

cost for the mission because the total change in the RAAN during the observation profile for a single

target will be small. As such, it may be more beneficial to select the observation location to simplify

mission operations by ensuring that the perigee is over a ground station or that observations are

performed when the formation is in earth’s shadow to prevent scattered sunlight from degrading

collected images.

3.4 Optimal Orbit Computation

Combining these results, the optimal orbits of both spacecraft at the start of the first observation

phase for a mission profile consisting of N
obs

observations of a specified target can be computed

using the simple closed-form procedure described in the following. First, an optimal reference orbit

is computed. The semimajor axis and eccentricity are determined based on the required integration

time for the target. The inclination and right ascension are selected so that the angular momentum

vector is (anti-)parallel to the pointing vector to the target star. If � and ↵ denote the declination

and right ascension of the target star, then the candidate optimal inclination i
ref

and RAAN ⌦
ref

are given by
0

@

i
ref

⌦
ref

1

A =

0

@

↵+ ⇡/2

⇡/2� �

1

A or

0

@

� + ⇡/2

↵� ⇡/2

1

A (3.18)

The argument of perigee !
ref

can be selected to minimize the delta-v cost incurred by orbit precession

or simplify mission operations. The mean anomaly is specified as M
ref

= ⇡ � n�t
obs

/2 where n is

the mean motion of the orbit. Second, the drift rates of the the inclination, RAAN, and argument

of perigee are computed for the dominant perturbations a↵ecting the orbit. These drift rates are

used to back propagate the orbit orientation so that it is centered about the optimal value over

the expected mission lifetime. The corresponding initial orbit elements, denoted by subscript i, are

given by

i
i

= i
ref

� i̇T (N
obs

� 1)/2 ⌦
i

= ⌦
ref

� ⌦̇T (N
obs

� 1)/2 !
i

= !
ref

� !̇T (N
obs

� 1)/2 (3.19)

where T is the orbit period. Third, the position r

ref

(t
i

) and velocity v

ref

(t
i

) of the reference orbit

are computed from the initial orbit elements. Finally, the initial position and velocity of the telescope
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and starshade spacecraft are computed as given by
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A (3.20)

where ê

star

is the unit pointing vector to the target star in the ECI frame and ⇢(t
i

) and ⇢̇(t
i

) are

computed from Equation 3.7.



Chapter 4

Dynamics

The guidance, navigation, and control system for this class of mission must ensure that the formation

is precisely aligned with the target during all observations. To ensure that these distributed tele-

scopes can be aligned with their targets at low delta-v cost, accurate dynamics models for spacecraft

relative motion in perturbed orbits of arbitrary eccentricity are required that are valid for large sepa-

rations. Linear dynamics models are especially attractive for their applicability to optimal maneuver

planning algorithms [48, 68]. Current literature on linear dynamics models for spacecraft formations

are limited in scope to single perturbations [46, 49] or near-circular orbits [56]. Additionally, these

models use distinct derivation methodologies with varying assumptions.

To meet this need, a new derivation methodology for state transition matrices was developed

for states based on relative orbital elements (ROE). The proposed approach can be applied to

multiple state definitions and can include multiple conservative and non-conservative perturbations.

This methodology is used to derive new state transition matrices (STMs) for orbits of arbitrary

eccentricity that include the e↵ects of both J
2

and di↵erential atmospheric drag. Additionally,

STMs are derived that do not require an a-priori atmospheric density model. Unlike models based

on Cartesian position and velocity, these models are valid for arbitrarily large separations in a subset

of the state components.

4.1 State Definitions

This dissertation presents STMs for three states including singular, denoted by subscript s, quasi-

nonsingular, denoted by subscript qns, and nonsingular, denoted by subscript ns, ROE. Let a, e,

40
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i, ⌦, !, and M denote the classical Keplerian orbit elements. For a formation consisting of two

spacecraft including a chief, denoted by subscript c, and a deputy, denoted by subscript d, the

singular ROE, �↵
s

, are defined as
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the quasi-nonsingular ROE, �↵
qns

, are defined as
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and the nonsingular ROE, �↵
ns

, are defined as
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The singular state is so named because it is not uniquely defined when either spacecraft is in a

circular or equatorial orbit. Similarly, the quasi-nonsingular state is not unique when the deputy is

in an equatorial orbit. The nonsingular state is uniquely defined for all possible chief and deputy

orbits.

These state definitions are similar to those used by other authors in literature. The singular state

is nearly identical to the orbit element di↵erences employed by Schaub [77]. The only di↵erence in
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this definition is that the semi-major axis di↵erence is normalized by the chief semi-major axis in

order to keep all of the terms dimensionless. The quasi-nonsingular state is identical to D’Amico’s

ROE [33], which o↵er several advantageous properties. First, the state components match the

integration constants of the HCW equations for near-circular orbits and are proportional to the

integration constants of the Tschauner-Hempel equations for eccentric orbits [78]. Additionally,

they provide insight into passive safety and stability for formation-flying design in a simple manner

using eccentricity/inclination vector separation [79]. This state is also similar to that used by Gim

and Alfriend in the derivation of their J
2

-perturbed STM [46] except for four di↵erences: 1) the

semi-major axis di↵erence is normalized by the chief semi-major axis, 2) the right ascension of

the ascending node (RAAN) di↵erence is scaled by the sine of the chief inclination, 3) the RAAN

di↵erence is included in the anomaly di↵erence term, and 4) the mean anomaly is used instead of

the true anomaly. Finally, the nonsingular state is also equivalent to the di↵erential equinoctial

elements employed by Gim and Alfriend [49] except for the normalized semi-major axis di↵erence

and use of the mean anomaly. The mean anomaly is preferred for this application because M
d

�M
c

is constant for unperturbed orbits of equal energy regardless of eccentricity.

4.2 Derivation Methodology

The STMs derived in this dissertation are all derived using the same simple technique. This technique

o↵ers two main advantages over approaches used by previous authors [46, 49, 56]. First, it can be

directly applied to multiple state definitions based on ROE. Second, it allows derivation of STMs

that include both conservative and non-conservative perturbations. The only requirement imposed

by this method is that closed-form expressions of the time derivatives of orbit elements including

the e↵ects of perturbations are available. Let ↵ denote the absolute state of the spacecraft including

both orbit elements and parameters for modeling non-conservative forces (e.g. ballistic coe�cients

for atmospheric drag or solar radiation pressure). Also, let � denote a set of parameters relevant

to included perturbations (e.g atmospheric density and third-body ephemerides). Finally, let �↵

denote the relative state. The time derivative of the relative state can be modeled by a nonlinear

function of the form

�↵̇(t) = f(↵
c

(t),↵
d

(t),�) (4.4)

where ↵

d

can be formulated as an explicit function of ↵
c

and �↵. The STMs are derived by first

performing a first-order Taylor expansion on the equations of relative motion (Equation 4.4) as given
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by

�↵̇(t) = A(↵
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(t),�)�↵(t) +O(�↵2) A(↵
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�↵=0
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where the plant matrix A is computed by a simple chain rule derivative. If the terms of A are

constant, the resulting system of linear di↵erential equations is solved exactly in closed-form as

given by

�↵(t+ ⌧) = �(↵
c

(t),�, ⌧)�↵(t) �(↵
c

(t),�, ⌧) = exp(A(↵
c

(t),�)⌧) (4.6)

where �(↵
c

(t),�, ⌧) denotes the STM that propagates �↵ from time t to t + ⌧ . However, some

perturbations cause the plant matrix to become time-variant and periodic. In these cases, Floquet’s

theorem [80] guarantees the existence of a linear transformation J(↵
c

(t)) and modified relative state

�↵0 related by

�↵0(t) = J(↵
c

(t))�↵(t) (4.7)

such that the plant matrix governing the evolution of �↵0 is time invariant. After finding the

transformation J(↵
c

(t)), the STM for the modified state �0 is computed by taking the exponential

of the time invariant plant matrix. Finally, the STM for the original relative state is computed as

given by

�(↵
c

(t),�, ⌧) = J�1(↵
c

(t) + ↵̇

c

(t)⌧)�0(↵
c

(t),�, ⌧)J(↵
c

(t)) (4.8)

where ↵̇

c

(t) denotes the time derivative of the absolute state of the chief at time t.

4.3 Keplerian Dynamics

Under the assumption of a Keplerian orbit, the time derivatives of the orbit elements are given by

ȧ = ė = i̇ = !̇ = ⌦̇ = 0 Ṁ = n =

p
µ

a3/2
(4.9)

Because only M is time varying, the time derivatives of all previously described ROE states are

equivalent and given by
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The first-order Taylor expansion of Equation 4.10 about zero separation is given as
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Because the along-track separation terms depend only on the constant �a, the corresponding STM

for Keplerian relative motion, �kep(↵
c

(t), ⌧), is given by

�kep(↵
c

(t), ⌧) = I+Akep(↵
c

(t))⌧ (4.12)

The range of applicability of this model can be assessed by determining which of the higher-order

terms in the Taylor expansion given in Equation 4.11 are non-zero. It is evident from Equation

4.10 that Keplerian relative motion depends only on the semimajor axes of the spacecraft orbits.

Accordingly, the only non-zero higher-order terms will be proportional to powers of �a. Thus, this

relative motion model is valid for unperturbed orbits with small �a and arbitrary separation in all

other state components.

4.4 Inclusion of the J2 Perturbation

The most significant perturbation a↵ecting orbits from low earth orbit (LEO) to geosynchronous

transfer orbit (GTO) is earth oblateness, or J
2

. The STM for unperturbed orbits are generalized

to include the first-order e↵ects of J
2

on relative motion in orbits of arbitrary eccentricity for all

three ROE state definitions in the following. The individual terms of these STMs are included in

Appendix B.1. The J
2

perturbation causes secular drifts in the mean anomaly, argument of perigee,

and RAAN. These secular drift rates are given by Brouwer [81] as
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where ⌘ =
p
1� e2. The following substitutions are employed to simplify the following derivations.

 =
3

4

J
2

R2

E

p
µ

a7/2⌘4
E = 1 + ⌘ F = 4 + 3⌘ G =

1

⌘2

P = 3 cos2 (i)� 1 Q = 5 cos2 (i)� 1 R = cos (i) S = sin (2i) T = sin2 (i)

U = sin (i) V = tan (i/2) W = cos2 (i/2)

(4.14)

4.4.1 Singular State Derivation

The time derivatives of the singular ROE due to J
2

are computed by di↵erentiating Equation 4.1

with respect to time and substituting in the drift rates given in Equation 4.13, yielding
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The first-order Taylor expansion of Equation 4.15 about zero separation is given by
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This plant matrix exhibits two useful properties. First, �a, �e, and �i are all constant. Second,

the time derivatives of �M , �!, and �⌦ depend only on these constant terms. Because of these

properties, the J
2

STM for the singular state, �J2
s

(↵
c

(t), ⌧), is simply expressed as

�J2
s

(↵
c

(t), ⌧) = I+ (Akep(↵
c

(t)) +AJ2
s

(↵
c

(t)))⌧ (4.17)

The range of applicability of this model can be assessed by again considering higher-order terms

of the Taylor expansion. It is evident from Equation 4.15 that the time derivatives of the state



CHAPTER 4. DYNAMICS 46

elements do not depend on ⌦, !, or M . Accordingly, all partial derivatives of any order with respect

to �⌦, �!, and �M are zero. However, all second-order partial derivatives with respect to the

remaining state elements are non-zero. It follows that this model is valid for small separations in

�a, �e, and �i, but arbitrarily large separation in �⌦, �!, and �M .

4.4.2 Quasi-Nonsingular State Derivation

It is clear from inspection of the quasi-nonsingular state definition in Equation 4.2 that the associated

plant matrix will not have the advantageous sparsity of the singular plant matrix due to the coupling

between the eccentricity and the argument of perigee. However, this problem can be corrected by

considering a modified form of the quasi-nonsingular state, �↵
qns

0 , obtained by the following linear

transformation
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which is a simple rotation of the relative eccentricity vector. These modified quasi-nonsingular ROE

are given by
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The key benefit of this state definition is found by considering the partial derivatives of the deputy

orbit elements with respect to the relative state components evaluated at zero separation, which are

given as
@e

d
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d
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= 0
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d
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e
(4.20)

From these partial derivatives it is evident that to first-order �e0
x

and �e are equivalent and the e↵ects

of changes in eccentricity and argument of perigee on the relative eccentricity vector are decoupled.

The time derivatives of �↵
qns

0 due to J
2

are computed by the same method used for the singular



CHAPTER 4. DYNAMICS 47

state and are given by
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The first-order Taylor expansion of Equation 4.21 about zero separation is given by
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This plant matrix has the same structure as that of the singular state. It follows that the STM can

be constructed in the same way except that coordinate transformations to and from the modified

state at the beginning and end of the propagation, respectively, are required. Thus, the STM for

the quasi-nonsingular state including the J
2

perturbation, �J2
qns

(↵
c

(t), ⌧), is given by

�J2
qns
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(t)))⌧)J
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(↵
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(t)) (4.23)

The range of applicability is again assessed by considering higher-order terms of the Taylor

expansion. It is evident from Equation 4.21 that the time derivative of the state does not depend
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on M or ⌦, which correspond to the �� and �i
y

state components. Accordingly, the model is valid

for small separations in �a, �e
x

, �e
y

, and �i
x

, but arbitrary separations in �� and �i
y

. While the

quasi-nonsingular state avoids the circular orbit singularity present in the singular state, the cost of

this property is that arbitrary di↵erences in the argument of perigee are no longer allowed.

4.4.3 Nonsingular State Derivation

The derivation procedure for the nonsingular state is identical to that of the quasi-nonsingular

state. First, the nonsingular state is transformed into a modified form, �↵
ns

0 , that has a sparse,

time-invariant plant matrix. The required linear transformation consists of simple rotations of the

relative eccentricity and inclination vectors as given by
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The resulting modified nonsingular ROE are given by
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The key advantage of this state again follows from the partial derivatives of the absolute state of the

deputy with respect to the relative state components evaluated at zero separation, which are given

by
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From these partial derivatives it is clear that to first-order �e⇤
x

and �e are equivalent and the e↵ects

of changes in the deputy eccentricity and argument of perigee on the relative eccentricity vector are

decoupled. Similarly, �i⇤
x

is proportional to �i and the e↵ects of changes in the deputy inclination

and RAAN on the relative inclination vector are decoupled. As before, the time derivatives of �↵
ns

⇤

due to J
2

are given by
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The first-order Taylor expansion of Equation 4.27 about zero separation is given by
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Finally, the STM for the nonsingular state, �J2
ns

(↵
c

(t), ⌧), is given by
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As before, the range of validity is assessed by considering the higher-order terms of the Taylor
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expansion. Because the time derivatives in Equation 4.27 do not depend on M , it is evident that all

partial derivatives with respect to �l will be zero. Thus, the model is valid for arbitrary separation

in �l and small separations in all other state components. It follows that while the nonsingular state

avoids the equatorial singularity present in the other definitions, the cost of this property is that

arbitrary di↵erences in RAAN are no longer allowed.

4.4.4 Relative Motion Description

These STMs allow a simple geometric interpretation of J
2

-perturbed relative motion in eccentric

orbits. The insight drawn from this interpretation can be used to improve maneuver planning

algorithms and ensure passively safe relative motion in eccentric orbits. A modal decomposition of

the combined e↵ects of Keplerian relative motion and J
2

is illustrated in Figure 4.1 for the singular

(left), quasi-nonsingular (center), and nonsingular (right) ROE. The dotted lines denote individual

modes and solid lines denote combined trajectories. Each of these plots superimposes the motion

of each of three state component pairs. The first pair includes the relative semi-major axis and

mean along-track separation, the second pair includes state components that are functions of the

eccentricity and argument of perigee, and the third pair includes components that are functions

of the inclination and RAAN. Next, consider the evolution of the quasi-nonsingular state. The

combined e↵ects of Keplerian relative motion and J
2

produce four distinct relative motion modes:

1) a constant drift of �� due to both Keplerian relative motion and J
2

, 2) a rotation of the relative

eccentricity vector due to J
2

, 3) a secular drift of the relative eccentricity vector proportional to the

chief eccentricity and orthogonal to the phase angle of the chief argument of perigee due to J
2

, and

4) a constant drift of �i
y

due to J
2

. The only di↵erence between this model and Gaias’s model for

near-circular orbits [51] is the constant drift of the relative eccentricity vector. The evolutions of

the singular and nonsingular states can be interpreted as permutations of the evolution of the quasi-

nonsingular state. Specifically, in the singular state �e remains constant while �! exhibits a constant

drift in the same way that �i
x

is constant and �i
y

drifts. Similarly, the relative inclination vector

of the nonsingular state exhibits the same rotation and drift observed in the relative eccentricity

vector of the quasi-nonsingular state.

It is noteworthy that the terms of the STMs for the quasi-nonsingular and nonsingular states

are similar to those in the Gim-Alfriend STMs for the mean relative state [46, 49] for all state

components except for the along-track separation (�� and �l). These di↵erences arise because the

state definitions for the Gim-Alfriend STMs include the true anomaly and the state definitions used
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Figure 4.1: Combined e↵ects of Keplerian relative motion and J
2

on ROE in arbitrarily eccentric
orbits.

in this work use the mean anomaly.

4.5 Inclusion of Di↵erential Drag in Eccentric Orbits

It is known that the primary e↵ect of atmospheric drag on an eccentric orbit is a constant decay

of the apogee radius while the perigee radius remains constant [82]. The secular e↵ects of this

phenomenon are captured by a dynamic model of the form

ė = f(↵
c

,�) ȧ = f(↵
c

,�)
a

1� e
(4.30)

where the factor a/(1�e) in the time derivative of the semi-major axis ensures that the perigee radius

is constant. The function f depends on the chief orbit, ballistic properties of the spacecraft, and

parameters a↵ecting atmospheric density such as the position of the sun and current solar activity

levels. Indeed, it is well known that atmospheric models are characterized by high uncertainty. As

such, the objective of the analysis in this section is not to present a definitive model of relative

motion subject to di↵erential drag, but is instead to present a method of generalizing the previously

derived STMs for J
2

-perturbed relative motion to include the e↵ects of di↵erential drag using a-priori

knowledge of the atmosphere. With this goal in mind, measures are taken to simplify the dynamic

model to ensure analytically tractable expressions. Specifically, the employed atmosphere model

assumes constant mean solar flux. While the model derivation procedure can easily be repeated for

di↵erent flux values, these calculations are omitted for brevity. Additionally, the STM derivation

procedure requires a closed-form, di↵erentiable dynamics model. The following analysis presents a
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model that is fit to data from a set of simulations using the Harris-Priester atmospheric density

model [83]. However, the described method can be applied to any atmosphere model provided that

the appropriate partial derivatives can be computed.

4.5.1 A Closed-Form Dynamics Model for Atmospheric Drag

In order to develop a closed-form dynamic model for atmospheric drag it is first necessary to model

the perturbing acceleration. The acceleration of a spacecraft due to atmospheric drag d

drag

is

modeled as

d

drag

= �1

2
⇢||v � v

atm

||(v � v
atm

)B (4.31)

where ⇢ denotes the atmospheric density, v denotes the velocity of the spacecraft in the earth-

centered inertial (ECI) frame, v
atm

denotes the velocity of the local atmosphere, and B denotes the

ballistic coe�cient of the spacecraft which is defined as

B =
C

D

S

m
(4.32)

where m is the spacecraft mass, S is the spacecraft cross-section area, and C
D

is the drag coe�cient,

which is a function of the spacecraft geometry. In subsequent analysis, the ballistic coe�cient is

assumed to be constant for all spacecraft. Thus, it is recommended to use an averaged B in scenarios

where periodic attitude changes are expected. From this model it is clear that the dynamics should

vary linearly with the ballistic coe�cient of the spacecraft. Also, in eccentric orbits the e↵ect of

drag is only significant in a small region near the perigee, so it is reasonable to expect that the

dynamics scale with the density at the perigee. Finally, the orbit shape must be considered. For a

given perigee height orbits with lower eccentricity will be more a↵ected by atmospheric drag because

the spacecraft spends more time in the lower atmosphere. With these considerations in mind, the

authors performed a large number of orbit simulations using the Harris-Priester density model [83]

and found that the e↵ects of di↵erential drag can be modeled by functions of the form

ȧ =
a

1� e
⇢
p

Bf(e) ė = ⇢
p

Bf(e) (4.33)

where ⇢
p

is the density at perigee and f is an empirical function of the eccentricity. This function

is related to the simulation data by

f(e) =
ė

B⇢
p

(4.34)
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It was found that a function with three empirical constants, x, y, and z, of the form

f(e) = xey + z (4.35)

matches the trends in the simulation data. The values of these constants computed from a simple

regression fit are

x = 1.61⇥ 104 ms�1 y = 0.02701 z = �1.61⇥ 104 ms�1 (4.36)

The approximation of ȧ agrees with simulations to within 16% in an envelope of 0.1-0.8 eccentricity

and altitudes of 200-900 km. The average error in this envelope is only 5%. The approximation of

ė exhibits a worst-case error of 39% and average error of 7% in the same envelope. However, the

largest errors all correspond to highly eccentric orbits (e � 0.8). Indeed, the worst case error is only

16% for orbits with eccentricities of 0.6 or less. From these results, it is evident that this model

provides a reasonable approximation of the e↵ects of atmospheric drag on eccentric orbits in the

specified envelope.

4.5.2 The Harris-Priester Atmospheric Density Model

Deriving an STM from the dynamic model described in Equation 4.33 requires a model for the at-

mospheric density at the orbit perigee. According to the Harris-Priester model [83], the atmospheric

density, ⇢, is given by

⇢ = ⇢
min

(h) + (⇢
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(4.37)

where ⇢
min

and ⇢
max

are piecewise log-linear functions that bound the atmospheric density as a

function of the geodetic height, h. Additionally, r denotes the position vector of the spacecraft, r̂
sun

denotes the unit pointing vector to the sun, and r̂
bulge

denotes the pointing vector to the apex of

the diurnal bulge, where the atmospheric density is maximized for a given geodetic height. The

rotation serves to place the bulge apex at 2:00 pm local time, which is roughly when the atmosphere

is hottest. Finally, the exponent m varies from 2 for equatorial orbits to 6 for polar orbits. From
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Equation 4.37 it is evident that the Harris-Priester model is neither closed-form nor di↵erentiable

for two reasons. First, ⇢
min

and ⇢
max

are piecewise functions that have discontinuities in their

derivatives. These functions take the form

⇢
min

(h) = ⇢
min

(h
i

) exp
⇣h� h

i

H
mi

⌘

, h
i

 h  h
i+1

⇢
max

(h) = ⇢
max

(h
i

) exp
⇣h� h

i

H
Mi

⌘

, h
i

 h  h
i+1

(4.38)

where ⇢
min

(h
i

), ⇢
max

(h
i

), and h
i

are pre-tabulated values. The scale heights H
mi

and H
Mi

are

computed to ensure that the resulting density profile is continuous. The second problem is that

the geodetic height is generally computed using an iterative algorithm which is not di↵erentiable.

While these issues have been addressed in a modified form of the Harris-Priester model by Hatten

[84], for this work a simpler model is sought in order to demonstrate the STM derivation method.

Accordingly, a simplified, closed-form, di↵erentiable approximation of the Harris-Priester density

model is described in the following.

The discontinuities in the derivatives of ⇢
min

and ⇢
max

are corrected by computing global ap-

proximations. Because ⇢
min

and ⇢
max

vary by multiple orders of magnitude, a simple regression

fit will not produce acceptable results. For a useful atmospheric model, it is imperative that the

di↵erence between the true and modeled densities be less than the true density, else the drag model

will produce errors larger than if drag were ignored altogether. As such, an appropriate error metric

is given as

✏
⇢

=
�

�

�

⇢
approx

� ⇢
model

⇢
model

�

�

�

(4.39)

where ⇢
approx

denotes the density computed from the approximate model and ⇢
model

denotes density

computed from the original model. In order for the drag model to improve estimation accuracy it is

necessary and su�cient that this error metric be less than one. Minimizing ✏
⇢

over a large altitude

envelope can be accomplished by developing an approximation in log-space. In this approach, the

approximation functions are given by

f
min

(h) ⇡ ln(⇢
min

(h)) f
max

(h) ⇡ ln(⇢
max

(h)) (4.40)

The behaviors of the tabulated curves are captured by functions of the form

f
min

(h) = b
1

hc1 f
max

(h) = b
2

hc2 . (4.41)
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where the values of the empirical constants b
1

, b
2

, c
1

, and c
2

are computed from a simple regression

fit and are given by

b
1

= �0.7443 c
1

= 0.278 b
2

= �1.345 c
2

= 0.2286 (4.42)

Finally, the complete approximations of ⇢
min

and ⇢
max

are given as

⇢
min

(h) = exp(b
1

hc1) ⇢
max

(h) = exp(b
2

hc2) (4.43)

Using these approximations, the average value of ✏
⇢

is only 6% for heights of 200 to 900 km, which

is significantly smaller than expected density variations due to transient phenomena.

The second issue is resolved by developing a closed-form, di↵erential approximation of the geode-

tic height of the perigee. The geodetic height depends only on the orbit radius and latitude of the

spacecraft. Specifically, for a fixed radius the geodetic height is at a minimum over the equator and

maximum over the poles. It follows that the geodetic height of the perigee can be approximated by

a function of the form

h
p

= a(1� e)�R
E

+�h
obl

sin2(i) sin2(!) (4.44)

where�h
obl

denotes the di↵erence between earth’s equatorial and polar radii, which is approximately

21385 meters. Finally, in the simplified model the exponent m is assumed to be two for all orbits

to simplify the necessary partial derivatives. The following substitutions are employed in order to

simplify subsequent derivations.

C = 1 + r̂
bulge

·

0

B

B

B

@

cos(!) cos(⌦)� sin(!) cos(i) sin(⌦)

cos(!) sin(⌦) + sin(!) cos(i) cos(⌦)

sin(!) sin(i)

1

C

C

C

A

(4.45)

C
i

=
@C

@i
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bulge

·

0

B

B

B

@

sin(!) sin(i) sin⌦)

� sin(!) sin(i) cos(⌦)

sin(!) cos(i)

1

C

C

C

A

(4.46)

C
!

=
@C

@!
= r̂

bulge

·

0

B

B

B

@

� sin(!) cos(⌦)� cos(!) cos(i) sin(⌦)

� sin(!) sin(⌦) + cos(!) cos(i) cos(⌦)

cos(!) sin(i)

1

C

C

C

A

(4.47)
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C
⌦

=
@C

@⌦
= r̂

bulge

·

0

B

B

B

@

� cos(!) sin(⌦)� sin(!) cos(i) cos(⌦)

cos(!) cos(⌦)� sin(!) cos(i) sin(⌦)

0

1

C

C

C

A

(4.48)

D =
1

2
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(h
p

)� ⇢
min

(h
p

)) ⇢
p

= ⇢
min

(h
p

) + CD f 0 =
@f

@e
= xyey�1 (4.49)
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p

⇢0
max

=
@⇢
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(h
p

)

@h
p

= ⇢
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b
2
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2

hc2�1

p

(4.50)

⇢0
p

= ⇢0
min

+
1

2
(⇢0

max

� ⇢0
min

)C H
a

=
@h

p

@a
= 1� e H

e

=
@h

p

@e
= �a (4.51)

H
i

=
@h

p

@i
= 2�h

obl

sin2(!) sin(i) cos(i) H
!

=
@h

p

@!
= 2�h

obl

sin(!) cos(!) sin2(i) (4.52)

4.5.3 Singular State Derivation

Because the STMs derived in this section include a density-model-specific di↵erential drag formula-

tion, it is necessary to include the di↵erential ballistic properties of the chief and deputy in the state

definition. This is accomplished by including the di↵erential ballistic coe�cient, �B, defined as

�B =
B

d

�B
c

B
c

(4.53)

in the relative state. The di↵erential drag plant matrix for the singular state is derived as follows.

First, because a and e are the only orbit elements with nonzero time derivatives due to atmospheric

drag, the singular state time derivatives due to di↵erential drag are given by

0

@

�↵̇
s

�Ḃ
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C

C
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C

A

. (4.54)
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The first-order Taylor expansion of Equation 4.54 about zero separation is given by
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�Ḃ

1

A = Adrag

s

(↵
c

, r̂
bulge

)

0

@

�↵
s

�B

1

A+O(�↵2

s

) Adrag

s

(↵
c

, r̂
bulge

) =
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(4.55)

Once again the range of applicability of the linearized model can be determined by examining the

higher-order terms of the Taylor expansion. First, it is evident from Equation 4.54 that the secular

drift of the ROE due to di↵erential drag does not depend on the mean anomaly of either spacecraft.

Accordingly, all partial derivatives of any order with respect to �M will be zero. Additionally, the

second order partial derivatives of the state rates with respect to �B are given by

@2�ȧ

@�B2

=
@2�ȧ

@B2

d

@2B
d

@�B2

= 0
@2�ė

@�B2

=
@2�ȧ

@B2

d

@2B
d

@�B2

= 0, (4.56)

which is expected since the dynamic model defined in Equation 4.33 is linear with respect to B.

However, second order partial derivatives with respect to combinations of state components including

�B (e.g. �a�B) will be nonzero. Thus, this model admits large values of �B as long as the separation

in all other terms except �M are small.

It is evident that analytically solving for the exponential of the plant matrix for the combined

e↵ects of Keplerian relative motion, J
2

, and di↵erential drag is di�cult. However, the problem can

be greatly simplified by considering the properties of the atmospheric density model. Recall that the

atmospheric density is an exponential function of geodetic height and varies with the dot product

of the position vector and the pointing vector to the apex of the diurnal bulge. Also, a di↵erence in

perigee radii of the chief and deputy will manifest in the �a and �e components, while a di↵erence

in orbit orientation manifests as di↵erences in �!, �i, and �⌦. It follows that the partial derivatives

with respect to �a and �e are orders of magnitude larger than the partial derivatives with respect to

�!, �i, and �⌦. These smaller partial derivatives can be neglected with little impact on propagation
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accuracy. Under this assumption the di↵erential drag plant matrix simplifies to

Adrag

s

(↵
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) = B

2
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3

7

7

7

7

7

7

5

(4.57)

Unlike the model for J
2

-pertubed relative motion, these di↵erential equations are time varying due

to the circularization of the chief orbit due to atmospheric drag and the motion of the sun. However,

for propagation times of up to few days the sun will move by no more than a few degrees and the

changes in a and e will be small relative to their respective values. In order to produce an analytically

tractable solution, the terms of this plant matrix are assumed to be constant.

Recall from the previous section that �a and �e are una↵ected by J
2

. It follows that an STM in-

cluding J
2

and di↵erential drag can be derived in two steps. First, a drag-only STM, �drag

s

(↵
c

(t), ⌧),

is derived which provides the time history of �a and �e. Second, the state evolution due to Keplerian

relative motion and J
2

is computed by multiplying the appropriate plant matrix by the integral of

this time history. The drag-only STM can be computed in closed-form from the plant matrix using

eigenvalue decomposition. For clarity, the following derivation is expressed in terms of the non-zero

partial derivatives in Equation 4.57, which are given by
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.

(4.58)

The eigenvalues of the plant matrix are given as
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@�a
+
@�ė
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and the drag-only STM for the singular state, �drag

s

(↵
c

(t), ⌧), can be written as
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where the constants c are functions of the terms of the plant matrix and are given in Appendix B.2.

Next, the changes in �M , �!, and �⌦ due to Keplerian relative motion and J
2

are computed by

multiplying the appropriate plant matrices by the integral of the profiles produced by di↵erential

drag. This integral is given by
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Finally, the complete density-model-specific STM including the e↵ects of Keplerian relative motion,

J
2

, and di↵erential drag on the singular state is given by

�J2+drag

s

(↵
c

(t), r̂
bulge

, ⌧) = �drag

s

(↵
c

(t), r̂
bulge

, ⌧)+
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(↵
c

(t))

Z

⌧

0
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(↵
c

(t), r̂
bulge

, t)dt
(4.62)

where Ākep+J2
s

(↵
c

(t)) is defined as

Ākep+J2
s

(↵
c

(t)) =

2

4

Akep(↵
c

(t)) +AJ2
s

(↵
c

(t)) 06⇥1

01⇥6 0

3

5 (4.63)

for dimensional consistency. It should also be noted that it is necessary to assume that a and e are

constant in the J
2

-perturbed plant matrix when di↵erential drag is included.
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4.5.4 Quasi-Nonsingular and Nonsingular State Derivations

Recall that �a is included in all state definitions and that �e, �e0
x

, and �e⇤
x

are all equivalent to

first order. It follows that the plant matrix in Equation 4.57 is applicable to the modified forms

of the quasi-nonsingular and nonsingular states without modification. Thus, the state-specific sub-

script is henceforth dropped on the drag-only STM. The density-model-specific STMs for the quasi-

nonsingular and nonsingular ROE are assembled in the same manner as their J
2

-perturbed counter-

parts in Equations 4.23 and 4.29 and are given by

�J2+drag(↵
c
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(t)) (4.64)

with
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and
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J̄(↵
c

(t)) =

2

4

J(↵
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01⇥6 1

3

5

(4.66)

for dimensional consistency.

4.6 Density-Model-Free Di↵erential Drag in Eccentric Orbits

The STMs derived in the previous section assume an a-priori model relating the e↵ects of di↵erential

drag to �B. However, it is known that the density of the atmosphere can vary widely due to solar

activity and other phenomena, rendering development of an accurate di↵erential drag model di�cult.

This problem can be mitigated by using a density-model-free formulation of the e↵ects of di↵erential

drag on eccentric orbits to derive STMs. This approach requires a ROE state augmented with the

time derivative of the relative semi-major axis, denoted �ȧ
drag

, which can be estimated in flight by

the relative navigation system. This approach is also tolerant of periodic variations of the ballistic
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coe�cient due to attitude maneuvers because the cumulative e↵ects of these maneuvers will be

incorporated into the estimate of �ȧ
drag

. Recalling that atmospheric drag circularizes eccentric

orbits, the relative dynamics must satisfy

�ė
drag

= (1� e)�ȧ
drag

(4.67)

regardless of the atmospheric density. It follows that the di↵erential drag dynamics are governed by

the new plant matrix given by
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As before, this plant matrix is valid for the singular state and modified forms of the quasi-nonsingular

and nonsingular states without modification because �e, �e0
x

, and �e⇤
x

are equivalent to first-order.

Because of the simple structure of the plant matrix, the drag-only density-model-free STM for

eccentric orbits is given by

�drag

0
(↵

c

(t), ⌧) = I7⇥7 +Adrag

0
(↵

c

(t))⌧ (4.69)

and its integral is given by

Z
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�drag

0
(↵

c

(t), t)dt = I7⇥7⌧ +Adrag

0
(↵

c

(t))
⌧2

2
(4.70)

The complete STMs are computed by substituting the matrices in Equations 4.69 and 4.70 for

their appropriate counterparts in Equations 4.62 and 4.64. The individual terms of these STMs are

provided in Appendix B.3.

The limitations of these STMs are summarized in the following. First, like the density-model-

specific STMs, these models are only valid as long as the semi-major axis and eccentricity of the chief

orbit and the time derivative of the relative semi-major axis can be treated as constant. Second,

the orbit eccentricity must be large enough that the circularization assumption holds. It was found

from simulations that this is true for e � 0.05. Finally, these STMs are only valid as long as the

time derivative of the semi-major axis can be treated as constant. This means that the performance
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of the STM will degrade as the atmospheric density at perigee varies due to precession or other

transient phenomena (e.g. a sudden change in solar activity).

4.6.1 Relative Motion Description

It is now possible to generalize the geometric interpretation of the e↵ects of J
2

on relative motion il-

lustrated in Figure 4.1 to include the e↵ects of di↵erential drag. Using the same plotting conventions,

a modal decomposition of the combined e↵ects of Keplerian relative motion, J
2

, and di↵erential drag

is illustrated in Figure 4.2 for the singular (left), quasi-nonsingular (center), and nonsingular (right)

ROE. First, consider the e↵ects of di↵erential drag on the quasi-nonsingular ROE. Compared to the

evolution shown in Figure 4.1, there are three new e↵ects caused by di↵erential drag: 1) a linear

drift of �a, 2) a quadratic drift in �� due to the coupling between di↵erential drag and Keplerian

relative motion, and 3) a linear drift of the relative eccentricity vector parallel to the phase angle

of the chief argument of perigee. The magnitudes of the drifts of the relative semi-major axis and

relative eccentricity vector are related by the circularization constraint described in Equation 4.30.

The e↵ects of di↵erential drag on the singular and nonsingular states follow the same pattern de-

scribed in Section 4.4. There are additional terms in these STMs that are quadratic in time which

derive from the coupling between drag and J
2

, but because the secular drifts due to drag are already

small and the quadratic terms are multiplied by , these terms are generally negligible unless the

propagation time is very long. Overall, these STMs allow the combined e↵ects of J
2

and di↵erential

drag on the ROE to be easily understood. The insight gained from this geometric interpretation

may be used to ensure passively safe relative motion and develop more e�cient maneuver-planning

algorithms.

Kepler+J2
+Drag

J2

Drag

Drag

!"#!""$%
J2J2

!"&"!""'%

!"("!"")%

!"#!""*%
J2

J2

Drag

Drag

Kepler+J2
+Drag

Drag

Drag

J2J2

J2J2

Kepler+J2
+Drag

"*+"'+") "$+"&,+"(, "-+"&.,+"(.,

"#+"&+"( "#+"&/+"(/ "#+"&./+"(./

!"&./"!""&.,%

!"(./"!""(.,%

!"#!""-%
!"&/"!""&,%

!"(/"!""(,%

'0
'0

)0

Figure 4.2: Combined e↵ects of Keplerian relative motion, J
2

, and di↵erential drag on ROE in
eccentric orbits.
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4.7 Generalization to Orbits of Arbitrary Eccentricity

The density-model-free STMs for eccentric orbits presented in the preceding section are derived

under the assumption that the orbit is circularizing, which is only valid for orbits with significant

eccentricity. As the eccentricity approaches zero, the e↵ect of atmospheric drag at the orbit apogee

becomes non-negligible and the perigee height begins to decrease. To address this issue, a density-

model-free formulation of the e↵ects of di↵erential drag on arbitrarily eccentric orbits is developed

in the following. This model is inspired by the work done by Gaias on modeling relative motion

subject to time-varying di↵erential drag in near circular orbits [51]. In general, atmospheric drag

causes secular drifts in the semi-major axis, eccentricity, and equal and opposite changes in the true

anomaly and argument of perigee. The complete relative motion caused by this perturbations can

be modeled by augmenting the ROE with three drift terms as opposed to the single term used in

the previous section. For example, the singular ROE are augmented with the time derivatives of the

relative semi-major axis, �ȧ
drag

, di↵erential eccentricity, �ė
drag

, and di↵erential argument of perigee,

�!̇
drag

, due to di↵erential drag. The drag dynamics are governed by the new density-model-free plant

matrix for arbitrarily eccentric orbits given by
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(4.71)

In this plant matrix the -1 term arises from the equal and opposite changes in the argument of

perigee and true anomaly, which is equal to the mean anomaly in regard to secular e↵ects. Unlike

the derivations provided in previous sections, this plant matrix is not valid for the modified forms

of the quasi-nonsingular and nonsingular states, which include the sum of the mean anomaly and

argument of perigee in their definitions. The dynamics of these states are instead given as
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�ë0
x drag

�ë0
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�ė0
x drag

�ė0
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�ė⇤
y drag

1

C

C

C

C

C

C

A

(4.72)



CHAPTER 4. DYNAMICS 64

with the corresponding plant matrices given by
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(4.73)

As before, the drag-only STM is given by

�drag

⇤
(⌧) = I9⇥9 +Adrag

⇤
⌧ (4.74)

and its integral is given by
Z

⌧

0

�drag

⇤
(t)dt = I9⇥9⌧ +Adrag

⇤ ⌧2

2
(4.75)

The complete STMs are computed by substituting Equations 4.74 and 4.75 as appropriate into

Equations 4.62 and 4.64. However, the plant matrices for Keplerian relative motion and J
2

and

transformation matrices must be expanded as in Equation 4.66 to accommodate the new drag

parameters. The individual terms of these STMs are provided in Appendix B.4.

As in the previous section, these STMs are limited to propagation times in which the change in

the semi-major axis is small relative to its nominal value and in which the time derivatives due to

di↵erential drag can be treated as constant. However, unlike in the previous section, these STMs

can be applied to any orbit in which atmospheric drag and J
2

are the dominant perturbations

regardless of eccentricity. Additionally, neglecting the terms proportional to eccentricity in the

quasi-nonsingular STM produces a result very similar to the Gaias STM [51] for near-circular orbits.

Specifically, the quasi-nonsingular STM produces the same drift in �a, quadratic drift in ��, and

linear drift of the relative eccentricity vector due to di↵erential drag. The di↵erence between these

formulations is that Gaias’ model includes an exact linear drift, while the model presented here

produces a drift subject to a rotation because it is cast in the modified quasi-nonsingular state. The

J
2

-dependent terms of these models are identical.
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4.8 Validation

At this stage it is necessary to validate the previously described STMs. This is accomplished by

comparing the output of an open-loop propagation using each STM with the mean ROE provided

by a high-fidelity numerical orbit propagator including a general set of perturbations. Each of the

test cases described in the following is simulated once with atmospheric density computed from the

Harris-Priester model and again with atmospheric density computed from the Jacchia-Gill model

in order to assess robustness of the STMs to unmodeled variations in atmospheric density. Key

parameters and perturbation models employed by the numerical propagator are described in Table

4.1.

Table 4.1: Numerical orbit propagator parameters.

Integrator Runge-Kutta (Dormand-Prince)
Step size Fixed: 10 sec

Geopotential GGM05S (20x20) [85]
Atmospheric density Harris-Priester [83] or Jacchia-Gill [86]

Third body Lunar and solar point masses, analytical ephemerides
Solar Radiation Pressure Satellite cross-section normal to the sun, no eclipses

Simulations are performed for three distinct test cases varying in both separation and eccentricity.

The initial chief and relative orbits are described in Tab. 4.2. These test cases were selected to ensure

that the relative accelerations due to J
2

and di↵erential drag are at least an order of magnitude larger

than solar radiation pressure and third body gravity.

Table 4.2: Initial chief and relative orbits for test cases.

Chief orbits Relative orbits
a e i ⌦ ! M a�a a�� a�e

x

a�e
y

a�i
x

a�i
y

�B
(km) (o) (o) (o) (o) (km) (km) (km) (km) (km) (km)

Test 1 6,812 0.005 30 60 180 180 0 0 0.2 -0.2 0.2 -0.2 0.4
Test 2 8,348 0.2 1 120 120 180 0.025 4.0 -1.0 1.0 1.0 0 0.2
Test 3 13,256 0.5 45 80 60 180 0.10 5.0 5.0 5.0 -5.0 20.0 0.1

The results of these simulations will be used to demonstrate two key points regarding relative

dynamics models in these orbits: 1) the e↵ects of di↵erential drag cannot be ignored, and 2) modeling

of solar radiation pressure and third-body gravity is unnecessary in these orbits. These test cases are

selected to be representative of past and future formation flying missions. Test 1 is representative of

a number of science missions conducted in LEO such as TanDEM-X [87]. Test 2 is a notional mission

with a moderately eccentric, nearly equatorial orbit and separation of a few kilometers. Finally, Test
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3 is modeled after the formation proposed in this dissertation and features a highly eccentric orbit

and large cross-track separation. The chief spacecraft is assumed to have the properties specified in

Tab. 4.3.

Table 4.3: Chief satellite properties.

Mass Cross-section area Drag Coe�cient Reflectance Coe�cient
100 kg 1 m2 1 1

Because the STMs include only the secular e↵ects of J
2

and di↵erential drag on the mean ROE, it

is necessary to process the results of the numerical orbit propagation to remove short-period e↵ects.

The computation sequence used to produce these mean ROE from the numerically propagated

trajectory is illustrated in Figure 4.3 and summarized in the following. First, the initial osculating

chief orbit is converted to an inertial position and velocity, denoted r
c

and ṙ
c

. Next, the initial

chief and relative orbits are used to compute the position and velocity of the deputy, denoted r
d

and ṙ
d

. The positions and velocities of the chief and deputy are numerically integrated and the

resulting trajectories are used to compute the time history of the osculating absolute orbits. The

osculating orbit trajectories are then used to compute the osculating ROE trajectory. Because

closed-form conversions between mean and osculating states for eccentric orbits perturbed by both

J
2

and atmospheric drag are not readily available in literature, the mean ROE are computed by

averaging the osculating ROE over a complete orbit. Similarly, the mean chief orbit is computed by

averaging all orbit elements except M over one orbit.
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!$!"#$%!$!"#$
Numerical
Integration
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Numerical
Integration
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•
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Figure 4.3: Numerical propagation computation sequence.

In order to accommodate the density-model-free STMs it is necessary to produce an initial

estimate of one or more time derivatives due to di↵erential drag. This is accomplished by dividing

the simulation into two phases: 1) an initialization phase beginning at t
0

and ending at t
i

, and

2) a propagation phase beginning at t
i

and ending at t
f

. All simulations include an initialization
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phase of 4 orbits and a propagation phase of 10 orbits. The estimates of the time derivatives

are computed from the known trajectory over the initialization phase. Furthermore, in order to

test the robustness of the density-model-free STMs, the state knowledge over the initialization

phase is corrupted by noise consistent with the real-time estimation uncertainty of current state-

of-the-art navigation systems. This noise is added after the averaging process in order to produce

a conservative estimate of propagation accuracy. Representative noise values are taken from the

PRISMA navigation system, which was able to achieve real-time absolute position and velocity

estimates with 1-� uncertainties of 0.5 m and 0.1 cm/s for the chief spacecraft using a sophisticated

extended Kalman filter and relative state uncertainties of 5 cm and 0.5 mm/s using di↵erential GNSS

techniques [33]. Although achieving such precise estimation in eccentric orbits may not be practical

because GNSS signals are less reliable at high altitudes, inclusion of PRISMA-like noise can still

provide a useful metric on the sensitivity of these STMs to estimation errors. With this in mind,

the necessary computations to produce the noisy data for initial state estimation are illustrated in

Figure 4.4 and described in the following. First, the mean absolute and relative orbits are converted

to position and velocity trajectories for the chief and deputy over the initialization phase. Next,

identical absolute state noise values are added to both the chief and deputy states. Afterward,

relative state noise is added to only the deputy state. Finally, the chief and relative state estimates

are computed from these noisy trajectories. Additionally, an initial estimation error of 1% is included

in the di↵erential ballistic coe�cient for the density-model-specific STMs. This is comparable to the

di↵erence observed in the GRACE satellites, which were designed to be identical [88].
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Figure 4.4: Computation sequence to add representative noise to initialization data.

Next, it is necessary to isolate the e↵ects of di↵erential drag on the ROE over the initialization

phase. The state trajectory including only e↵ects of di↵erential drag, �↵
drag

(t), is obtained from a
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function of the noisy initialization data given in state-agnostic form by

�↵
drag

(t) = J(↵
c

(t
i

)+ ↵̇

c

(t
i

)(t� t
i

))�↵
est

(t)�AJ2(↵
c

(t
i

))J(↵
c

(t
i

))�↵
est

(t
i

)(t� t
i

) t
0

 t  t
i

.

(4.76)

This operation simultaneously casts the quasi-nonsingular and nonsingular states into their modified

forms and removes the e↵ects of J
2

. If the singular ROE are used, then the transformation matrix

J is the identity matrix. The time derivatives at the start of the open-loop propagation, �↵̇
drag

(t
i

),

are computed by performing a simple linear regression on the appropriate components of �↵
drag

(t).

The open-loop trajectory for each STM is given by

�↵STM (t) = �(↵
c

(t
i

), t� t
i

)

0

@

�↵(t
i

)

? or �B or �↵̇
drag

(t
i

)

1

A t
i

 t  t
f

(4.77)

where the ROE state is augmented with nothing (?) for J
2

-only STMs, the di↵erential ballistic

coe�cient for the density-model-specific STMs, or the appropriate time derivatives for the density-

model-free STMs.

Finally, it is necessary to define an appropriate error metric in order to assess STM performance.

The error metric is defined as the maximum di↵erence between mean ROE as computed by the

numerical propagator and each STM multiplied by the chief mean semi-major axis in order to

provide a physical interpretation of the accuracy. This error metric is given as

✏
�↵

j

= max
t

anum
c,mean

(t)|�↵STM

j

(t)� �↵num

j,mean

(t)| t
i

 t  t
f

. (4.78)

Now that the validation scenarios have been defined, the performance of the STMs can be

assessed. First, consider the errors produced by the J
2

-only and density-model-specific STMs given

in Tab. 4.4. In this table the acronym DMS denotes the density-model-specific STMs. The key

conclusions that can be drawn from these results are described in the following. First, the e↵ects

of di↵erential drag on formations in orbits similar to the described test cases cannot be ignored.

Because the J
2

-only STMs are similar to those published by other authors [51, 46, 49], which have

already been validated, it is reasonable to attribute the majority of the error of these models to

di↵erential drag. This is further supported by the fact that the error is manifested primarily in

the in-plane ROE. It is clear that ignoring the e↵ects of di↵erential drag in the described test

cases results in errors of several kilometers in along-track separation and tens of meters in other

in-plane state components. These errors are not tolerable in any practical application. It is also



CHAPTER 4. DYNAMICS 69

Table 4.4: J
2

and density-model-free STM propagation errors for singular (top), quasi-nonsingular
(middle), and nonsingular (bottom) ROE.

Harris-Priester Atmosphere Jacchia-Gill Atmosphere
�↵

s

✏
�a

✏
�M

✏
�e

✏
�!

✏
�i

✏
�⌦

✏
�a

✏
�M

✏
�e

✏
�!

✏
�i

✏
�⌦

STM Test (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

1 38.5 2430.1 13.9 775.6 0.9 5.1 71.0 4718.5 23.4 1293.2 1.0 9.7
J
2

2 37.1 1823.6 30.0 60.8 0.3 63.1 52.2 2455.0 41.9 63.0 0.7 67.4
3 148.7 7138.9 72.4 10.6 1.5 5.6 211.3 9962.7 103.4 8.8 1.2 7.9

1 17.9 1455.7 6.7 774.9 0.9 2.3 50.3 3743.2 3.2 1297.6 1.0 6.9
DMS 2 5.9 282.1 4.3 60.4 0.6 58.2 11 512.7 9.0 62.4 0.7 67.1

3 45.2 1992.2 24.2 4.0 1.5 3.4 17.6 831.7 6.9 3.3 1.2 3.9

�↵
qns

✏
�a

✏
��

✏
�e

x

✏
�e

y

✏
�i

x

✏
�i

y

✏
�a

✏
��

✏
�e

x

✏
�e

y

✏
�i

x

✏
�i

y

STM Test (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

1 38.5 1808.8 13.5 11.3 0.9 2.5 71.0 3417.0 22.1 17.1 1.0 4.9
J
2

2 37.1 1828.0 25.6 18.7 0.3 1.2 52.2 2455.3 25.6 34.3 0.7 1.2
3 148.7 7146.1 64.8 34.1 1.5 4.6 211.3 9966.5 90.4 51.6 1.2 6.3

1 17.9 832.4 6.8 7.7 0.9 1.2 50.3 2439.7 2.2 13.5 1.0 3.5
DMS 2 5.9 278.9 10.3 5.7 0.6 1.1 11.0 509.3 8.9 9.2 0.7 1.2

3 45.2 1986.8 18.4 15.3 1.5 2.7 17.6 833.6 7.3 3.7 1.2 3.0

�↵
ns

✏
�a

✏
�l

✏
�e

⇤
x

✏
�e

⇤
y

✏
�i

⇤
x

✏
�i

⇤
y

✏
�a

✏
�l

✏
�e

⇤
x

✏
�e

⇤
y

✏
�i

⇤
x

✏
�i

⇤
y

STM Test (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

1 38.5 1808.2 1.1 17.5 0.9 1.3 71.0 3415.7 0.7 27.9 1.9 2.0
J
2

2 37.1 1828.0 14.0 26.8 0.3 0.3 52.2 2455.3 18.2 38.0 0.6 0.7
3 148.7 7141.6 25.1 69.5 3.1 1.0 211.3 9961.4 38.1 97.8 4 0.8

1 17.9 832.1 10.2 1.1 0.3 0.8 50.3 2438.8 9.7 9.4 1.3 1.5
DMS 2 5.9 278.9 0.7 4.3 0.5 0.6 11.0 509.3 3.8 8.4 0.5 0.7

3 44.8 1973.8 8.0 21.1 1.7 1.1 17.9 846 5.8 7.3 1.9 0.9

noteworthy that the e↵ects of di↵erential drag are especially strong in Test 3. This is because the

orbit period is significantly larger, the perigee altitude is lower, and the separation is larger. Second,

STMs using the singular ROE exhibit large errors in orbits near the singularities. For example, all

STMs using the singular state exhibit ✏
�!

of hundreds of meters for Test 1 because the argument of

perigee becomes extremely sensitive to in-plane perturbations as the orbit eccentricity approaches

zero. Similarly, errors in ✏
�⌦

are tens of meters for Test 2 due to the sensitivity of the RAAN to

perturbations in near-equatorial orbits. However, the cross-track component of atmospheric drag

arises only from the motion of the atmosphere and is much smaller than the in-plane components. It

is interesting to note that the STMs for the quasi-nonsingular ROE are well-behaved for Test 2 even

though it is singular when the deputy orbit is equatorial. This is because the definition of �i
y

scales

the di↵erence in RAAN by the sine of the inclination, preventing large errors as the RAAN becomes

more sensitive to perturbations. In light of these observations, the results of STMs using singular

ROE for Test 1 and Test 2 are neglected in subsequent discussions of observed trends. Finally, the
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density-model-specific STMs are able to reduce in-plane errors by at least a factor of two for all

eccentric orbit cases for both simulated atmospheres. The remaining error can be attributed to a

combination of the error in the estimate of �B, error in the approximation of atmospheric density at

perigee, and errors in the approximation of the dynamics. It is clear that the simplifications made

in the derivation of the dynamics model in order to make the equations analytically tractable incur

significant cost to propagation accuracy. Significant improvement would require a complex model

of di↵erential drag that may not be suitable for on-board implementation, in agreement with the

arguments presented by Gaias [51].

Next, consider the errors produced by density-model-free STMs given in Table 4.5. In this table

Table 4.5: Density-model-free STM propagation errors using singular (top), quasi-nonsingular (mid-
dle), and nonsingular (bottom) ROE.

Harris-Priester Atmosphere Jacchia-Gill Atmosphere
�↵

s

✏
�a

✏
�M

✏
�e

✏
�!

✏
�i

✏
�⌦

✏
�a

✏
�M

✏
�e

✏
�!

✏
�i

✏
�⌦

STM Test (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

1 0.4 769.7 24.8 774.3 0.9 0.3 1.9 1391.3 46.8 1308.3 1.0 0.4
DMF-E 2 0.6 20.8 0.9 60.5 0.6 58.3 1.3 62.9 1.0 62.3 0.7 67.0

3 2.9 196.7 2.1 5.6 1.5 3.3 9.5 346.5 7 2.7 1.6 4.4

1 0.4 769.7 2.8 793.2 0.9 0.3 1.9 1391.3 1.7 757.2 1.0 0.4
DMF-A 2 0.6 20.8 0.2 51.9 0.6 58.3 1.3 62.9 1.4 53.3 0.7 67.0

3 2.9 196.6 2.1 5.0 1.5 3.3 9.5 346.5 3.7 2.8 1.6 4.4
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STM Test (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

1 0.4 25.9 24.6 4.6 0.9 0.2 1.9 83.0 47.0 5.0 1.0 0.2
DMF-E 2 0.6 24.6 9.5 6.9 0.6 1.1 1.3 67.5 10.2 6.5 0.7 1.2

3 2.9 202.2 2.1 3.6 1.5 2.6 9.5 343.5 4.5 5.4 1.6 3.3

1 0.4 26 0.4 0.4 0.9 0.2 1.9 82.9 1.7 1.0 1.0 0.2
DMF-A 2 0.6 24.6 8.3 5.7 0.6 1.1 1.3 67.4 8.9 5.2 0.7 1.2

3 2.9 202.2 2.9 0.9 1.5 2.6 9.5 346.6 2.2 5.7 2.0 1.2

�↵
ns
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�e
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STM Test (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m) (m)

1 0.4 25.9 18.2 17.2 0.4 0.4 1.9 82.9 31.7 35.1 0.3 0.5
DMF-E 2 0.6 24.6 1.8 0.4 0.5 0.6 1.3 67.5 1.6 0.6 0.5 0.6

3 2.9 199.1 2.2 2.8 1.6 1.1 11.1 519.8 1.8 6.8 1.9 0.9

1 0.4 25.9 0.5 0.2 0.4 0.4 1.9 82.9 0.9 1.9 0.3 0.5
DMF-A 2 0.6 24.6 1.0 0.2 0.5 0.6 1.3 67.4 1.4 0.9 0.5 0.6

3 2.9 199.1 2.1 2.7 1.6 1.1 9.5 346.6 2.9 3.3 2.0 1.2

the acronym DMF-E refers to the STMs for strictly eccentric orbits and DMF-A refers to STMs

for orbits of arbitrary eccentricity. The key conclusions that can be drawn from these results are as

follows. First, it is again evident that STMs using singular ROE in near-circular or near-equatorial

orbits exhibit large ✏
�!

and ✏
�⌦

, respectively, due to their proximity to singularities. Accordingly,
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these results are neglected in the following discussion of observed trends. Second, all density-model-

free STMs provide substantial reductions of the propagation errors in the relative semi-major axis

and along-track separation. Specifically, the worst-case errors in relative semi-major axis and along-

track separation are only 5% of their counterparts from the J
2

-only STMs. The errors in relative

eccentricity components are reduced to a few meters in all cases except when the STMs for strictly

eccentric orbits are used for Test 1. This is because these STMs are derived under the assumption

that both orbits are circularizing, which does not hold for near-circular orbits. Additionally, the

density-model-free STMs for arbitrarily eccentric orbits are able to bound the errors in along-track

separation to hundreds of meters and all other state components to a few meters in all tested cases.

This is comparable to the accuracy of Gaias’ STM [51] for near-circular orbits, but these models

are valid for any orbit in which J
2

and di↵erential drag are the dominant perturbations. Finally,

for mission applications in eccentric orbits, the STMs for strictly eccentric orbits are very nearly as

accurate as the STMs for arbitrarily eccentric orbits and can be used to simplify the state estimation

problem.

To assess the validity of the assumption in the density-model-free STMs that the time derivatives

of the ROE due to di↵erential drag are constant, consider the evolution of the in-plane quasi-

nonsingular ROE for Test 3 in the simulation using the Jacchia-Gill atmosphere plotted in Figure

4.5. This plot includes the simulated mean ROE (black) and the ROE computed from the density-

model-free STMs for strictly eccentric (red), and arbitrarily eccentric (blue) orbits. It is immediately

evident that �a and �� follow the parabolic trajectory described in Sec. 4.6. Similarly, the relative

eccentricity vector exhibits a characteristic rotation due to the drift of the argument of perigee.
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Figure 4.5: Evolution of the in-plane ROE for Test 3 with a Jacchia-Gill atmosphere.

The in-plane propagation errors of the density-model-free STMs for this scenario are plotted
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in Figure 4.6. The only di↵erence between the performance of the STMs for strictly eccentric

and arbitrarily eccentric orbits is that the STM for arbitrarily eccentric orbits is able to capture a

portion of the drift of the relative eccentricity vector that deviates from the behavior specified by

the circularization assumption. It is noteworthy that the error in the relative semi-major axis is not

monotonic, and indeed has a brief period where it decreases over the simulation. This behavior occurs

because the atmospheric density is changing over the course of the simulation while the STM treats

it as constant. These variations in atmospheric density would also explain the seemingly random

trajectory of the relative eccentricity error for the STM for arbitrarily eccentric orbits. These

behaviors suggest that the propagation error for this STM is not dominated by unmodeled solar

radiation pressure and third-body gravity, but is instead driven by the time-varying atmospheric

density. Improving on these models would therefore require accurate knowledge of the transient

behavior of the atmosphere.
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Figure 4.6: Evolution of the in-plane density-model-free STM propagation errors for Test 3 with a
Jacchia-Gill atmosphere.

Overall, several important conclusions can be drawn from the results of these simulations. First,

it is clear that the e↵ects of di↵erential drag cannot be ignored in orbits similar to these test cases.

Second, inclusion of other perturbations such as solar radiation pressure and third body gravity

in the dynamics model is unnecessary because the evolution of the propagation error of the best

model appears to be dominated by the time-varying behavior of the atmosphere. Third, while STMs

using the singular ROE are subject to large errors in near-circular and near-equatorial orbits, the

STMs using quasi-nonsingular and nonsingular ROE exhibit no such limitation. Finally, although

the density-model-free STMs are still only valid for as long as the semi-major axis and secular drift

rates due to di↵erential drag can be treated as constant, this assumption appears reasonable for
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propagation periods of at least ten orbits. Indeed, the remaining errors are small relative to the

inter-spacecraft separation and are su�cient to ensure passive collision avoidance using techniques

such as eccentricity/inclination vector separation [79].



Chapter 5

Impulsive Maneuver Planning

A key component of the guidance, navigation, and control system for a formation-flying mission is the

maneuver planning algorithm. For distributed telescopes using the proposed two-phase operations

concept, the maneuver planning algorithm must reconfigure the formation between observations

over consecutive orbits. The algorithm must meet several challenging requirements for this class of

mission. First, the maneuvers must be planned to minimize propellant consumption. While this is an

important consideration for all spacecraft formations, it is critical for distributed telescopes because

the science return of the mission depends on the achievable observation time, which is limited by

propellant capacity. Second, the algorithm should use a dynamics model that is valid for large

separations and includes the e↵ects of perturbations on the relative motion. This requirement can

be met by using the state transition matrices derived in the previous chapter. Under the additional

assumption that thruster firings are short, the maneuver planning problem can be formulated as an

optimal impulsive control problem for linear systems. Third, the maneuver planning algorithm must

achieve formation reconfigurations in less than one orbit. Unless the formation is in near continuous

contact with the ground, these maneuvers will have to be planned onboard in real-time. Finally,

the maneuver planning algorithm should accommodate operational constraints such as no-control

windows and attitude constraints.

To date, a maneuver planning algorithm that globally minimizes the delta-v cost subject to these

constraints is not available in literature. In addition to enabling the proposed class of distributed

telescopes, such an algorithm could find application in a wide range of spacecraft formation flying

missions requiring frequent reconfigurations. Additionally, such an algorithm would be a valuable

tool for mission design and analysis. Specifically, the algorithm can be used to provide optimal

74
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reference solutions that can be compared with outputs from candidate control laws. The di↵erence

between these costs is a rigorous metric of the sub-optimality of the candidate control law that can

be used to quickly determine whether improvements are possible or worthwhile.

To meet this need, a new algorithm for globally optimal impulsive control of linear time-varying

systems was developed. The employed approach fuses the benefits of previous approaches based on

primer vector theory [63] and reachable set theory [69] to address a larger class of optimal control

problems with improved performance at low computation cost. Specifically, the algorithm is able

to provide solutions in corner cases (e.g. single maneuver solutions) and allows time-varying cost

functions, enabling optimal maneuver planning that accounts for operational constraints such as

time-varying attitude modes on a spacecraft. Additionally, the algorithm is derived without any

domain-specific assumptions, allowing it to be applied to control any linear time-variant system as

long as the control input matrix, state transition matrix, and sublevel sets of the cost function can

be computed.

5.1 Problem Definition

For a state vector x(t) 2 Rn and control input vector u(t) 2 Rm, the dynamics of a linear time-

varying system evolve according to

ẋ(t) = A(t)x(t) +B(t)u(t) (5.1)

where A(t) is the plant matrix and B(t) is the control input matrix. The only assumptions imposed

on these matrices are that they are real and continuous on the closed interval [t
i

, t
f

], where t
i

denotes the initial time and t
f

denotes the final time. Next, suppose that  (t) is a fundamental

matrix solution of Equation 5.1. Using this solution, a state transition matrix (STM) �(t, t + ⌧)

that propagates the state from time t to t+ ⌧ can be defined as

�(t, t+ ⌧) =  (t+ ⌧) �1(t) (5.2)

Using Equations 5.1 and 5.2, the final state x(t
f

) can be expressed as a function of the initial state

x(t
i

) and the control input history as given by

x(t
f

) = �(t
i

, t
f

)x(t
i

) +

Z

t

f

t

i

�(⌧, t
f

)B(⌧)u(⌧)d⌧ (5.3)
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It is hereafter assumed that the control input history consists of a finite set of k impulses of the form

u(t) =
k

X

j=1

�(t� t
j

)u
j

, t
i

 t
j

 t
f

(5.4)

where � denotes the Dirac delta function. If an impulsive control input u
j

is applied at time t
j

, the

state will exhibit a jump discontinuity of the form

x(t+
j

) = x(t�
j

) +B(t
j

)u
j

(5.5)

Since control inputs are only applied at a discrete set of times, Equation 5.3 can be rewritten as

x(t
f

) = �(t
i

, t
f

)x(t
i

) +
X

�(t
j

, t
f

)B(t
j

)u
j

(5.6)

The problem addressed in this chapter is the minimization of the cost of a set of impulsive control

inputs in a closed subset T of the interval [t
i

, t
f

] subject to the constraint that a linear time-variant

system at an initial state x(t
i

) at time t
i

reaches a specified target state x(t
f

) at time t
f

. This

problem can be formulated as

minimize: c =
k

X

j=1

f(u
j

, t
j

)

subject to: x(t
f

) = �(t
i

, t
f

)x(t
i

) +
X

�(t
j

, t
f

)B(t
j

)u
j

, t
j

2 T

(5.7)

where f(u
j

, t
j

) denotes the cost of applying the control input u
j

at time t
j

. This formulation can

be simplified by using the pseudostate w and matrix �(t) defined as

w = x(t
f

)��(t
i

, t
f

)x(t
i

), �(t) = �(t, t
f

)B(t) (5.8)

Using these substitutions, Equation 5.7 can be rewritten as

minimize: c =
k

X

j=1

f(u
j

, t
j

) subject to: w =
k

X

j=1

�(t
j

)u
j

, t
j

2 T (5.9)

In this work it is assumed that f(u, t) is a time-varying norm-like function of the control input

that has the following two properties: 1) all sublevel sets of f(u, t) at a specified time are convex

and compact (i.e., all nonzero control inputs have nonzero cost), and 2) f(↵u, t) = ↵f(u, t) for any
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↵ � 0. The first property ensures that the resulting optimization problem is convex. The second

property means that the cost of a control input applied at a specified time scales linearly with its

magnitude.

This property is consistent with relevant cost metrics in a number of applications (e.g. propellant

expended by a spacecraft thruster is proportional to the velocity increment for small maneuvers)

and ensures that the minimum cost can be achieved with a finite number of control inputs, as will

be demonstrated in the following section. The most commonly considered cost function in literature

is the p-norm, which is defined as

f(u, t) = ||u||
p

=

8

>

<

>

:

⇣

P

m

j=1

|u
j

|p
⌘

1/p

, 1  p <1
max

j2[1,...,m]

|u
j

|, p =1

9

>

=

>

;

(5.10)

This cost function has been the focus of the majority of studies using primer vector theory [63, 89, 90].

However, all p-norms are highly symmetric. There are many noteworthy problems for which the

actual control cost exhibits more complex behavior due to constraints imposed on the system.

For example, a spacecraft may have multiple attitude modes that a↵ect the e�ciency of executed

maneuvers. Some examples of these cost functions with corresponding attitude constraints are

included in Table 5.1. Additionally, these constraints may change over time, resulting in a time-

varying cost function. The algorithm proposed in this work can handle any such cost function as

long as it meets the two aforementioned requirements.

Table 5.1: Example cost functions and associated constraints.

f(u, t) Associated constraints

||u||
2

Spacecraft can align a single
thruster in any direction

|u
1

|+
p

u2

2

+ u2

3

Spacecraft with two perpen-
dicular thrusters, one with a
fixed direction

max(Cu)
Spacecraft with fixed attitude
and multiple thrusters in an
asymmetric configuration

5.2 Reformulation of the Optimization Problem

While the optimal control in Equation 5.9 is globally convex, it is computationally intractable for all
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but the simplest problems. Indeed, the dimension of the optimization variable is the product of the

dimension of the control input vector and the number of times at which control input is allowed. To

reduce the computational e↵ort needed to solve the problem, it is necessary to reformulate Equation

5.9 to reduce the dimension of the optimization variable. This can be accomplished by leveraging

the geometric relationships between the group of reachable sets defined in the following. Let U(c, t)

be the set of impulsive control actions with a cost no greater than c at time t, which is defined as

U(c, t) =
n

u : f(u, t)  c
o

(5.11)

Next, let S(c, t) be the set of pseudostates w that can be reached by a single control input of cost

no greater than c applied at time t. This set is defined as

S(c, t) =
n

y : y = �(t)u, u 2 U(c, t)
o

(5.12)

Similarly, let S(c, T ) be the set of pseudostates that can be reached using a single control action

applied at any time in T with a cost no greater than c. This set is defined as

S(c, T ) =
[

t2T

S(c, t) (5.13)

In general, this set is nonconvex. Finally, let S⇤(c, T ) be the set of pseudostates that can be reached

by a set of k control inputs executed at times in T with a combined cost no greater than c. This set

is defined as

S⇤(c, T ) =
n

z : z =
k

X

j=1

�(t
j

)u
j

, t
j

2 T, u
j

2 U(c
j

, t
j

),
k

X

j=1

c
j

= c
o

(5.14)

It is evident from Equation 5.13 that �(t
j

)u
j

is in S(c
j

, T ) for any t
j

2 T and u 2 U(c
j

, t
j

). Also,

recall that the cost of a control input must scale linearly with its magnitude (see second requirement

of the cost function). It follows that if y is in S(c, T ), then ↵y must be in S(↵c, T ) for any ↵ � 0.

If a set of constants ↵
j

are defined as ↵
j

= c
j

/c, then the definition of S⇤(c, T ) can be reformulated

as

S⇤(c, T ) =
n

z : z =
k

X

j=1

↵
j

y

j

, y
j

2 S(c, T ), ↵
j

� 0,
k

X

j=1

↵
j

= 1
o

(5.15)
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From this definition it is obvious that S⇤(c, T ) is simply the convex hull of S(c, T ).

Using the provided set definitions, an equivalent optimal control problem to Equation 5.9 can be

posed as follows: minimize c subject to the constraint that w is in the reachable set S⇤(c, T ). This

problem can be expressed as

minimize: c subject to: w 2 S⇤(c, T ) (5.16)

However, in this problem it is necessary to determine whether or not w is in S⇤(c, T ). This can be

accomplished by exploiting the fact that S⇤(c, T ) is convex, which means that it must be possible

to express it as the intersection of a set of half-spaces [91]. Using this reasoning, an equivalent form

of Equation 5.16 is given by

minimize: c subject to: max
z2S

⇤
(c,T )

�

T

z � �

T

w 8� 2 Rn (5.17)

where any � can be interpreted as a normal vector to a supporting hyperplane to S⇤(c, T ). The

geometry of this problem is illustrated using a simple example in Figure 5.1. In this figure, S⇤(c, T )

is a triangular region that can be fully described as the intersection of three half-spaces (indicated

by �

1

, �
2

, and �

3

). The left plot shows a feasible solution, where w lies in the intersection of all

half-spaces that contain S⇤(c, T ). Instead, the right plot shows an infeasible solution because the

half-space corresponding to �

3

does not contain w.

w

!"#$%&'
w

!"#$%&'(1

(2

(3

(1

(2

(3

Figure 5.1: Relationship between S⇤(c, T ), w and supporting hyperplanes for feasible solution (left)
and infeasible solution (right).
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The primal problem formulation in Equation 5.17 has several interesting properties. First, it is

evident that for an optimal c, there must exist at least one � such that maxz2S

⇤
(c,T )

�

T

z = �

T

w.

This means that w lies in a supporting hyperplane to S⇤(c, T ), which is only possible if w is in the

boundary of S⇤(c, T ). Thus, c is the minimum cost to reach w if and only if w is on the boundary of

S⇤(c, T ). This is evident in Figure 5.1 (left) as the size of the reachable set (and the corresponding

cost) can be reduced until w is in the hyperplane corresponding to �

2

. Second, for many problems

it is impossible to express the reachable set as the intersection of a finite number of half spaces (i.e.

the reachable set has a round boundary). It follows that directly verifying that the constraints are

satisfied is impossible for all but the simplest problems. Third, Equation 5.17 does not explicitly

include the control inputs. Instead, they are included implicity in the requirement that z is in

S⇤(c, T ), which means that at least one set of control inputs that reach w at a cost of c must exist.

A more tractable dual problem can be derived from the primal problem using simple geometry. If

w is not in the interior of S⇤(c, T ), there must exist at least one supporting hyperplane to S⇤(c, T )

that contains w because S⇤(c, T ) is convex [91]. Using this property, a dual of the optimization

problem in Equation 5.17 can be posed as follows: maximize c subject to the constraint that there

exists a supporting hyperplane to S⇤(c, T ) that contains w. This dual problem can be formulated

as

maximize: c subject to: max
z2S

⇤
(c,T )

�

T

z  �

T

w (5.18)

As in the primal problem definition, � denotes a vector that is normal to the supporting hyperplane.

However, the constraint in Equation 5.18 only needs to be satisfied for a single �. Additionally,

because the primal and dual problems are formulated as linear programs, they must have the same

optimal objective value [91]. Thus, the minimum cost to reach w can be computed by solving the

more tractable dual problem.

To solve the dual problem, it is necessary to expand the constraint function to a form that can be

evaluated. Because S⇤(c, T ) is the convex hull of S(c, T ), the left side of the constraint in Equation

5.18 can be reformulated as

max
z2S

⇤
(c,T )

�

T

z = max
y2S(c,T )

�

T

y (5.19)

Using the set definitions in Equations 5.11-5.13 and the linearity of the cost function, this expression
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can be further expanded as given by

max
y2S(c,T )

�

T

y = max
t2T

⇣

max
y2S(c,t)

�

T

y

⌘

=

max
t2T

⇣

max
u2U(c,t)

�

T�(t)u
⌘

= c
⇣

max
t2T

⇣

max
u2U(1,t)

�

T�(t)u
⌘⌘

(5.20)

Using the substitutions in Equations 5.19-5.20, the dual problem in Equation 5.18 can be reformu-

lated as an unconstrained optimization problem given by

maximize:
�

T

w

max
t2T

⇣

max
u2U(1,t)

�

T�(t)u
⌘ (5.21)

This form of the dual problem is used to rapidly compute lower bounds on the minimum cost as

described in Section 5.4. It should be noted that � appears in both the numerator and denominator

in this equation. It follows that the objective only depends on the direction of � and not on its

magnitude. Also, it is evident that maxu2U(1,t)

�

T�(t)u must be nonnegative and finite at all times

because all sublevel sets of f(u, t) are convex, compact, and contain the origin. It follows that the

minimum cost to reach any nonzero w must be positive, which means that �T

w > 0 for an optimal

�. Additionally, it is evident that the minimum cost to reach any w is linearly proportional to its

magnitude. Using simple algebraic manipulation, the dual problem can also be formulated as

maximize: �

T

w subject to: max
t2T

⇣

max
u2U(1,t)

�

T�(t)u
⌘

 1 (5.22)

which closely resembles Neustadt’s semi-infinite convex problem [89]. This form of the dual problem

enables development of the algorithm described in Section 5.5.

5.3 Optimality Conditions

The geometric relationships between the reachable sets and the supporting hyperplane can be used to

derive necessary and su�cient optimality conditions for impulsive control input profiles. Let L(w,�)

denote the hyperplane that contains w and is perpendicular to �. Without loss of generality, it is

hereafter assumed that � is selected such that �T

w � 0. If w is reachable, then every L(w,�) must

also be reachable. With this in mind, let c
�

denote the minimum cost to reach a specified L(w,�),

(i.e., the smallest cost such that S⇤(c
�

, T )\L(w,�) is not empty). If w is not in S⇤(c
�

, T )\L(w,�),

then it cannot be in S⇤(c
�

, T ). It follows that c
�

is less than the minimum cost to reach w. On the
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other hand, if w is in S⇤(c
�

, T )\L(w,�), then it is in the boundary of S⇤(c
�

, T ). It follows that c
�

is the minimum cost to reach w. Additionally, � is an outward normal direction to S⇤(c
�

, T ) at w.

Thus, any outward normal direction to the reachable set at w is an optimal �. It should be noted

that the optimal � may not be unique (e.g. when w lies on a vertex of the reachable set). This

optimality condition is illustrated in Figure 5.2 (left) for a three-dimensional example system. In

this figure, w is shown in black, S(c, T ) is shown in blue, S⇤(c, T ) is shown in translucent red, the

optimal � is shown as a green arrow, and L(w,�) is shown as a gray plane. It is evident that w is

in the boundary of S⇤(c, T ), which means that c is the minimum cost to reach w.

Figure 5.2: Illustration of the optimality conditions for dual variable (left) and control inputs (right).

This geometric relationship can also be used to determine an upper bound on the number of

required impulses. Because S⇤(c, T ) is the convex hull of S(c, T ), it must be possible to express

any w in L(w,�) \ S⇤(c, T ) as a convex combination of points in L(w,�) \ S(c, T ). Specifically,

Carathéodory’s theorem stipulates that it must be possible to express w as a convex combination of

no more than n points in S(c, T )\L(w,�) because L(w,�) is a space of dimension n� 1. Because

each point in S(c, T ) can be reached using a single control input, there must exist an optimal

control input profile consisting of no more than n impulses that drives the state to any reachable

w at minimum cost, in agreement with the findings of previous authors [89, 90]. This property is

illustrated in Figure 5.2 (right). It is evident that L(w,�) is tangent to S(c, T ) at three points (shown

in purple) and that w is in the convex hull of these points. In other cases where L(w,�) \ S(c, T )

contains more than n points, it must be possible to express w as a convex combination of a subset
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of n or fewer of these points.

It is also necessary to derive necessary and su�cient optimality conditions on the control input

profile. To accomplish this, it is instructive to consider the relaxed problem of minimizing the cost

to reach any point in L(w,�) for a specified �. This relaxed problem can be expressed as

minimize:
k

X

j=1

f(u
j

, t
j

) subject to: �

T

w =
k

X

j=1

�

T�(t
j

)u
j

t
j

2 T (5.23)

Because the relaxed problem in Equation 5.23 has a single constraint, it is possible to reach L(w,�)

using a single control input applied at any time when there exists an admissible u such that

�

T�(t)u > 0. The cost of this control input is minimized if it is selected to maximize the ratio

�

T�(t)u/f(u, t), which is equivalent to maxu2U(1,t)

�

T�(t)u. The global minimum cost is achieved

by only applying control input when maxu2U(1,t)

�

T�(t)u takes its maximum value over the domain

T . The resulting minimum cost c
�

is given by

c
�

=
�

T

w

max
t2T

⇣

max
u2U(1,t)

�

T�(t)u
⌘ (5.24)

which is identical to the objective of the unconstrained dual problem in Equation 5.21. In problems

with simple cost functions (i.e., f(u, t) is constructed from examples in Table 5.1), maxu2U(1,t)

�

T�(t)u

can be rewritten as a closed-form function of time, allowing c
�

to be evaluated at low computation

cost.

Next, suppose that it is known that maxu2U(1,t)

�

T�(t)u takes on its maximum value at a set of

times T
opt

. It is possible to reach L(�,w) at minimum cost by applying a single impulsive control

input u
opt

at any time in T
opt

of the form

u

opt

= c
�

argmax
u2U(1,t)

�

T�(t)u (5.25)

Any convex combination of these control inputs will also reach L(�,w) at minimum cost. Using this

result, two necessary and su�cient optimality conditions for a control input profile can be posed

for any optimal �: 1) control input is only applied at times when maxu2U(1,t)

�

T�(t)u takes on

its maximum value over the domain T , and 2) any applied control input u

j

must be of the form

u

j

= ↵ argmaxu2U(1,t)

�

T�(t)u for some 0  ↵  c
�

. It should be noted that the direction of the

optimal control input vector is not necessarily unique for a specified time. For example, if sublevel
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sets of f(u, t) at a specified time are polyhedra, then L(�,w) may be tangent to S(c, t) at multiple

points. To use the algorithm described in Section 5.5, it is su�cient to include only the vertices of

L(�,w)\S(c, t). If this set has an infinite number of vertices (e.g. if the boundary of L(�,w)\S(c, t)
is a circle), then it will be necessary to approximate the boundary using a finite number of points.

However, none of the cost functions considered in this dissertation require this approximation.

The meaning of these optimality conditions can be understood by considering Figure 5.2 (right).

In this example there are three times in T
opt

(assuming that f(u, t) and �(t) are not periodic). If a

single impulsive control input of cost c
�

is applied at one of these times, then the control input profile

will drive the pseudostate to one of the points shown in purple. Instead, by applying a combination

of impulses at the three optimal times with a total cost of c
�

, it is possible to reach any point in the

triangle spanned by the points in L(�,w)\S(c, T ). From this behavior, it is evident that the times

at which optimal control inputs can be applied and admissible directions can be determined directly

from an optimal � and f(u, t), but the magnitudes of the control inputs must still be computed to

reach a specified w.

It is worthwhile to compare these optimality conditions with those developed by Lawden for

impulsive control profiles [63]. Lawden’s necessary and su�cient conditions are formulated with

respect to a so-called “primer vector” which is an alias for the part of the costate that governs the

control input according to Pontryagin’s maximum principle. Using the notation adopted in this

work, the primer vector is equivalent to �T (t)�. However, Lawden addressed a restricted problem

where the cost of a control input is equal to its Euclidean norm and the control input matrix is

assumed constant. Under this assumption, the Cauchy-Schwarz inequality provides

max
u2U(1,t)

�

T�(t)u = ||�T (t)�||
2

, argmax
u2U(1,t)

�

T�(t)u =
�T (t)�

||�T (t)�||
2

(5.26)

Lawden’s necessary and su�cient conditions can be summarized as three constraints on the primer

vector: 1) the primer vector and its first derivative are continuous everywhere, 2) the primer vector

must have a constant magnitude P whenever control input is applied, and 3) the magnitude of the

primer vector cannot exceed P at any time at which control input is allowed. Because the primer

vector evolves according to �(t), it is evident that the continuity of the primer vector and its first

derivative are due to the assumptions that the cost is the 2-norm of the control input vector and the

control matrix is constant. Also, it is evident from the relationships in Equation 5.26 that Lawden’s

second and third conditions are equivalent to the conditions provided here under the assumption that

the cost function is the 2-norm of the control input vector. The necessary and su�cient conditions
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posed by other authors [89, 69, 90] can be recovered in the same manner by applying the appropriate

assumptions. However, the necessary and su�cient conditions for optimality provided in this work

are applicable to a more general class of optimal control problem with a time-varying cost function.

5.4 Rapid Computation of Lower Bounds

Some applications with limited computing power may benefit from an algorithm that rapidly com-

putes a lower bound on the minimum cost to reach a specified w instead of solving the complete

optimal control problem. Such a lower bound could be used to quickly quantify the sub-optimality

of simpler control laws. Indeed, several publications have addressed the problem of finding lower

bounds on the cost of spacecraft formation reconfigurations based on analytical properties of the

dynamics model and control input matrix [33, 56, 58]. However, the procedure presented in the

following is more general because it can be applied to any linear system, accommodates a wider

range of cost functions, and can provide an arbitrarily accurate approximation of the reachable

lower bound.

A useful property of primal/dual pairs of optimization problems is that any feasible solution of

the dual problem provides a lower bound on the optimal objective of the primal problem. Thus, a

lower bound can be computed by simply evaluating the objective of the unconstrained dual problem

in Equation 5.21 for any �. However, the lower bound is only of value in practice if it is reasonably

close to the minimum cost to reach w. With this in mind, the gap between the lower bound and the

minimum cost can be reduced by considering multiple choices of �. If ⇤ denotes a set of user-specifed

�, then an improved lower bound c
⇤

is given by

c
⇤

= max
�2⇤

�

T

w

max
t2T

⇣

max
u2U(1,t)

�

T�(t)u
⌘ (5.27)

This lower bound can be evaluated by performing a finite number of global searches over the do-

main T . This formula also has a useful geometric interpretation that is a natural extension of the

supporting hyperplane interpretation of the dual problem. Specifically, the vectors in ⇤ describe

the outward face normals of a polyhedron that circumscribes S⇤(c
⇤

, T ). It is evident that including

more elements in ⇤ generally reduces the gap between the lower bound and the minimum cost to

reach w, but increases the computational cost of evaluating c
⇤

. It follows that the practical value

of this approach relies on the ability to produce a reasonable approximation of the reachable set
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using only a small number of elements of ⇤. This goal is accomplished by properly selecting the

elements of ⇤ to maximize the lower bound. From the structure of Equation 5.27, each � should be

selected to maximize the numerator, minimize the denominator, or some combination of the two.

The numerator can be maximized by simply selecting a � that is parallel to w. The denominator

can be minimized by incorporating domain-specific knowlege on the behavior of �(t). For example,

if it is known that the elements of one row of �(t) are much larger than the elements of other rows,

it is reasonable to expect the corresponding component of � to be small to minimize the denomi-

nator of Equation 5.27. However, the behavior of �(t) depends on the chosen state definition and

dynamics model for real systems. As such, a proper choice of the state representation can improve

the accuracy of the lower bound computed using this approach.

5.5 An E�cient and Robust Control Algorithm

Leveraging the geometric properties of the dual problem demonstrated in the previous sections, an

e�cient and robust algorithm to compute a globally optimal sequence of impulsive control actions

for any linear time-variant system is proposed in the following. This algorithm includes three steps:

1) generation of an initial set of candidate control input times, 2) iterative refinement of the set of

candidate times and computation of an optimal dual variable, and 3) extraction of optimal control

inputs.

5.5.1 Initialization of Control Input Times

The first step in the algorithm is the generation of a set of candidate control input times T
j

. The

only requirement imposed on this step is that it must be possible to reach w using control inputs

applied at times in T
j

. For most applications, a simple discretization of the control window T

would be su�cient to meet this requirement. However, it is desirable to select these times according

to a criteria that produces a reasonable approximation of an optimal solution to minimize the

computational cost of iterative refinement. This can be accomplished by using an a-priori estimate

of the optimal �, denoted �

est

. From the behavior of the lower bound described in Section 5.4, a

reasonable choice of �
est

is a vector parallel to w. A heuristic transformation could also be applied

to such an estimate if the behavior of �(t) is well-known. An initial set of candidate times for control

inputs can be obtained as follows. First, a set of times T
d

is computed from a uniform discretization

of T . Next, maxu2U(1,t)

�

T

est

�(t)u is computed for each time in T
d

. The initial set of control input
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times is chosen as the k times in T
d

at which maxu2U(1,t)

�

T

est

�(t)u is largest. This initialization

approach is summarized in Algorithm 5.1.

Algorithm 5.1. Initialization of control input times

for all t 2 T
d

do
compute maxu2U(1,t)

�

T�(t)u
end for
T
sort

 t 2 T
d

sorted in descending order by maxu2U(1,t)

�

T�(t)u
T
j

 first k elements of T
sort

return T
j

A notional example of this initialization procedure is shown in Figure 5.3 for a two-dimensional

system. In this example, T
d

includes four times (indicated by vertical lines in the left plot), and the

algorithm must select the two best times. The two selected times (indicated by circles in the left

plot) are those at which maxu2U(1,t)

�

T�(t)u is largest. The rejected candidates are indicated by

x markers in the left plot. The reachable sets S(c, t) for each of these times are shown in the right

plot. The solid lines indicated the selected times and the dashed lines indicate the rejected times.

It is evident that the reachable sets at selected times include points with the largest possible dot

product with the vector �
est

.
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Figure 5.3: Illustration of selection criteria for initial candidate times including selected times (cir-
cles) and rejected times (x) in the left plot and S(c, t) for each candidate time in the right plot.

5.5.2 Iterative Refinement of Dual Variable and Candidate Times

The second step in the solution algorithm is computation of an optimal dual variable �

opt

and

optimal set of control input times T
opt

. This is accomplished using an iterative three-step procedure

that provides monotonic convergence from any initial set of candidate control input times and

provides a solution with a total cost within a user-specified threshold of the global optimum. This
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procedure is similar to the algorithm in [68], but includes modifications to minimize the number of

constraints that must be enforced in the required optimization problems and reduce the number of

required iterations. Let T
j

denote the current iterate of the set of candidate control input times,

�

j

denote the current iterate of the dual variable. The first step in each iteration is computation of

an optimal dual variable for the current set of control input times. This is accomplished by solving

the constrained formulation of the dual problem in Equation 5.22 with the modification that control

input is only allowed at times in T
j

. This problem can be solved using conventional convex solvers,

but the complexity of the problem depends on how f(u, t) is defined. It is noteworthy that the

optimal objective of this problem is the cost of a feasible solution, which is an upper bound on the

minimum cost to reach w. The second step is refinement of T
j

using this new dual variable. This

refinement removes times at which optimal maneuvers cannot be performed and adds times that

can reduce the total cost. Specifically, all t 2 T
j

that satisfy

max
u2U(1,t)

�

T

j

�(t)u < 1� ✏
remove

(5.28)

for user-specified tolerance ✏
remove

are removed from T
j

to reduce the number of constraints that

must be enforced in subsequent iterations, thereby reducing computational e↵ort. Removing these

times has no impact on the cost because optimal control inputs cannot be applied at these times.

Next, maxu2U(1,t)

�

T

j

�(t)u is evaluated for all times in T and all local maxima greater than or equal

to one are added to T
j

. Adding these times ensures that max
t2T

(maxu2U(1,t)

�

T

j

�(t)u) monotoni-

cally decreases with each subsequent iteration, thereby ensuring that �
j

and T
j

converge to �

opt

and

T
opt

, respectively. While no rigorous guarantee is provided for the speed of convergence, the results

in Section 5.6 demonstrate that a wide range of problems can be solved in less than ten iterations.

The third step is to evaluate the optimality criteria to determine if the current solution is within a

user-specified tolerance ✏
cost

of the global optimum. The algorithm terminates when the condition

given by

max
t2T

⇣

max
u2U(1,t)

�

T

j

�(t)u
⌘

 1 + ✏
cost

(5.29)

is satisfied. This ensures that the cost of the current solution is within a factor of ✏
cost

of the

lower bound computed using Equation 5.24. The described iteration procedure is summarized in

Algorithm 5.2.

A notional example of this refinement procedure is illustrated in Figure 5.4. In this example,

the set of candidate times used to compute �

j

is indicated by solid vertical lines. It is evident that
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Algorithm 5.2. Iterative Refinement

repeat
�

j

 solution of problem:
maximize: �T

w

subject to: max
t2T

j

(maxu2U(1,t)

�

T�(t)u)  1
for all t 2 T

j

do

if maxu2U(1,t)

�

T

j

�(t)u < 1� ✏
remove

then
remove t from T

j

end if
end for
for all local maxima of maxu2U(1,t)

�

T

j

�(t)u in T do

if maxu2U(1,t)

�

T

j

�(t)u > 1 then
add t to T

j

end if
end for

until max
t2T

(maxu2U(1,t)

�

T

j

�(t)u)  1 + ✏
cost

T
opt

 T
j

�

opt

 �

j

return T
opt

and �

opt

maxu2U(1,t)

�

T

j

�(t)u  1 at all of these times. However, maxu2U(1,t)

�

T

j

�(t)u  1� ✏
remove

for two

of these times (indicated by x). These times are removed from T
j

. Next, the times of local maxima

of maxu2U(1,t)

�

T

j

�(t)u that are greater than one (indicated by triangles) are added to T
j

. Because

max
t2T

(maxu2U(1,t)

�

T

j

�(t)u) > 1+✏
cost

, the solution is not within the specified tolerance, so further

iteration is necessary. Using the refined set of candidate times, the dual variable �
j+1

is recomputed.

The evolution of maxu2U(1,t)

�

T

j+1

�(t)u for is shown as a dashed line. It is evident that this now

dual variable satisfies the convergence criteria because max
t2T

(maxu2U(1,t)

�

T

j+1

�(t)u)  1+ ✏
cost

.
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Figure 5.4: Illustration of iterative refinement procedure including removed times (x) and added
times (triangles).
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5.5.3 Extraction of Optimal Control Inputs

Once a set of optimal control input times T
opt

and dual variable �
opt

are obtained, it is necessary to

compute a set of optimal control inputs. To mitigate the known sensitivity of the cost of a control

input sequence to perturbations of the application times in corner cases, the extraction algorithm

computes the point in the convex cone of candidate optimal control inputs that is closest to the

desired pseudostate. Provided that �
opt

is properly computed (i.e. the solver used in the iterative

refinement algorithm converged), the residual error will be negligible for practical applications.

Additionally, the objective is formulated as the quadratic product of the error vector and a user-

specified positive definite weight matrix Q to ensure well-behaved solutions. This optimal control

input extraction algorithm is described in Algorithm 5.3.

Algorithm 5.3. Control Input Extraction

for all t
j

2 T
opt

do

û

opt

(t
j

) argmaxu2U(1,t)

�

T

opt

�(t
j

)u
y

j

 �(t
j

)û
opt

(t
j

)
end for
↵ solution to optimization problem:

minimize: wT

err

Qw

err

subject to: w
err

= w �P↵
j

y

j

, ↵
j

� 0
for all t

j

2 T
opt

do
u

opt

(t
j

) ↵
j

û

opt

(t
j

)
end for
return u

opt

(t
j

) 8 t
j

2 T
opt

A notional example of the optimal control input extraction algorithm is shown in Figure 5.5

for a two-dimensional system. In this example, there are two candidate times for optimal control

inputs. First, the optimal maneuver directions û
opt

are selected such that L(w,�
opt

) can be reached

by a single control input of cost �

T

opt

w at either of these times as shown in the left plot. Next, a

nonnegative linear combination of these control inputs is computed that reaches the specified w at

minimum cost as shown int the right plot.

5.5.4 Summary

Using the described algorithm, a globally optimal impulsive control input sequence can be computed

in three steps. First, an initial set of candidate times for control inputs is selected. The only

requirement on the initialization is that the target pseudostate must be reachable using control

inputs at the specified times. However, an a-priori estimate of the dual variable can be used to
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Figure 5.5: Illustration of example optimal control input extraction for two-dimensional example
including computation of optimal control input directions (left) and computation of scaling factors
(right).

generate a better set of candidate times, reducing computation cost of subsequent steps. Second,

the set of candidate times and dual variable are refined using a globally convergent iterative process

until the optimality criteria are satisfied to within a user-specified tolerance. Each iteration requires

a single globally convex optimization problem to be solved. The optimization problem has a linear

objective, but the complexity of the constraints depends on the definition of the cost function. The

results in the following section demonstrate that a wide range of problems can be solved in less than

ten iterations. Third, an optimal control input sequence is obtained from the final set of control

input times and optimal dual variable by solving a simple quadratic program.

5.6 Validation

The proposed algorithm is validated in three di↵erent tests. First, the algorithm is used to compute

an optimal maneuver sequence for a formation reconfiguration problem representative of the GTO

variant of the proposed mission. Second, a Monte Carlo experiment is performed to demonstrate that

the algorithm produces optimal solutions for a wide range of optimal impulsive control problems. The

algorithm is initialized with three di↵erent sets of candidate times for each test case to characterize

the sensitivity of the computation cost to poor initializations. Third, the algorithm is deployed

on an embedded microprocessor for nanosatellites to characterize the necessary computation time

and demonstrate that the algorithm can be used in real-time applications. In all tested cases, the

normalized residual error (||w
err

||
2

/||w||
2

), was less than 0.01%, indicating that the solver reliably

converged for both the iterative refinement algorithm and the maneuver extraction algorithm.
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5.6.1 Scenario Description

To use the proposed algorithm, it is necessary to define the dynamics model, the cost function, algo-

rithm parameters, and the terminal states. The selected dynamics model uses the quasi-nonsingular

state defined in Equation 4.2 because it enables the results to be directly compared with prior work

[33, 92, 48, 58]. Specifcally, the selected STM is the J
2

-perturbed STM from Equation 4.23 (terms

provided in Equations B.3 and B.4). This model is selected over the STMs that include di↵erential

drag because small maneuvers are not expected to have any significant e↵ect on the time derivatives

of the state components due to di↵erential drag, which are primarily caused by the di↵erential bal-

listic properties of the spacecraft. It follows that the e↵ects of di↵erential drag need only be included

in the computation of the target pseudostate. Additionally, the formation should be deployed in an

orbit where the short term e↵ects of di↵erential drag are negligible to save propellant.

In addition to the STM, the dynamics model also requires a control input matrix that models

the e↵ect of a performed maneuver on the mean ROE. This control input matrix can be computed

using the chain rule as given by

B(↵
c

) =
@�↵

mean

@�↵
osc

@�↵

@↵
d

@↵
d

@v
d

�

�

�

�

↵
d

=↵
c

(5.30)

where the subscripts mean and osc denote the ROE as computed from the mean and osculating

orbit elements of the spacecraft. The partial derivative matrix on the right is given by the Gauss

variational equations [45], the middle matrix is computed by taking the partial derivatives of the

state with respect to the orbit elements of the deputy (Equation 4.2), and the left equation is a

first-order approximation of the osculating to mean conversion. By considering Schaub’s osculating

to mean conversion [77], it is evident that the o↵-diagonal terms in this linear approximation are on

the order of J
2

or smaller. As such, the left matrix in Equation 5.30 can be approximated by the

identity matrix. Using this approximation, the control matrix is given by

B(t
j

) =
1

an

2

6

6

6

6

6

6

6

6

6

6

6

6

4

2e sin(⌫)/⌘ 2(1 + e cos(⌫))/⌘ 0
⌘(⌘�1)

e

cos (⌫)� 2⌘

2

1+e cos (⌫)

⌘(1�⌘)

e

2+e cos (⌫)

1+e cos (⌫)

sin (⌫) 0

⌘ sin(✓) ⌘ (2+e cos(⌫)) cos(✓)+e cos(!)

1+e cos(⌫)

⌘e sin(!)

tan(i)

sin(✓)

1+e cos(⌫)

�⌘ cos(✓) ⌘ (2+e cos(⌫)) sin(✓)+e sin(!)

1+e cos(⌫)

�⌘e cos(!)

tan(i)

sin(✓)

1+e cos(⌫)

0 0 ⌘ cos(✓)

1+e cos(⌫)

0 0 ⌘ sin(✓)

1+e cos(⌫)

3

7

7

7

7

7

7

7

7

7

7

7

7

5

(5.31)
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where ✓ = ⌫ + !. The columns of the control matrix correspond to thrusts applied to the deputy

spacecraft in the radial (R), along-track (T), and cross-track (N) directions, respectively. As in

Chapter 3, the R direction is aligned with the position vector of the spacecraft, the N direction is

aligned with the angular momentum vector of the orbit, and the T direction completes the right-

handed triad.

The absolute orbit of the formation is selected to be representative of a mission to image the

vicinity of Beta Pictoris. The initial mean orbit for the chief (telescope) spacecraft is provided in

Table 5.2. All angular orbit elements (i, ⌦, !, and M) are expressed in radians. This orbit has a

period of 11 hours. If the formation is required to image the target for one hour per orbit, then the

formation must be reconfigured to re-align with the target in ten hours. Thus, t
i

is selected as 0

and t
f

is selected as 36000 seconds. The control domain T is selected as a uniform discretization of

the interval [t
i

, t
f

] with ten second intervals for a total of 3601 candidate times.

Table 5.2: Initial mean absolute orbit elements of chief spacecraft.

a (km) e i ⌦ ! M
25003 0.700 0.680 6.251 6.261 3.409

The cost function is developed to account for the fact that the formation will need to regularly

downlink data from observations. Specifically, it is assumed that the starshade must maintain a

fixed attitude in the RTN frame for a period of two hours centered at the perigee of each orbit

(in the interval [4, 6] hours) to facilitate communications with ground stations and no attitude

constraints are enforced outside of this interval. It is noted that this interval is significantly longer

than a ground contact for the described orbit. However, this choice helps to illustrate the di↵erent

behavior of maxu2U(1,t)

�

T�(t)u with and without attitude constraints. Additionally, it is assumed

that the starshade has four thrusters arranged in an equilateral tetrahedral configuration. The

alignment of each of these thrusters in the RTN frame in the fixed-attitude mode are given by

U thrust =
n

û

1

û

2

û

3

û

4

o

,

û

1

=

0

B

B

B

@

p

2/3

0

�p1/3

1

C

C

C

A

, û

2

=

0

B

B

B

@

�p2/3

0

�p1/3

1

C

C

C

A

, û

3

=

0

B

B

B

@

0
p

2/3
p

1/3

1

C

C

C

A

, û

4

=

0

B

B

B

@

0

�p2/3
p

1/3

1

C

C

C

A

(5.32)

The set U(1, t) for this thruster configuration is illustrated in Figure 5.6. It is evident from this

figure that maneuvers that are nearly aligned with one of the thrusters (corresponding to the vertices
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of the tetrahedron) are more e�cient, while maneuvers that require a combination of thrusters are

more expensive because the thrusters partially cancel each other out. To implement the proposed

-1

-0.5

1-1

0

0.5

0.5-0.5

1

0 0
-0.50.5

1 -1

Figure 5.6: Illustration of U(1, t) in the RTN frame for the fixed attitude mode.

algorithm, it is necessary to evaluate maxu2U(1,t)

�

T�(t)u and argmaxu2U(1,t)

�

T�(t)u. Under the

described assumptions, these functions are given in closed-form by

max
u2U(1,t)

�

T�(t)u =

8

<

:

max
u2U

thrust

�

T�(t)u, 4 hr < t < 6 hr

||�T (t)�||
2

, t  4 hr or t � 6 hr

9

=

;

,

argmax
u2U(1,t)

�

T�(t)u =

8

>

<

>

:

argmax
u2U

thrust

�

T�(t)u, 4 hr < t < 6 hr

�T

(t)�
||�T

(t)�||2 , t  4 hr or t � 6 hr

9

>

=

>

;

(5.33)

From this equation, it is evident that the optimal maneuver direction is parallel to �T (t)� when no

attitude constraints are enforced. Instead, in the fixed attitude mode the optimal maneuver is to

fire the thruster(s) that is closest to parallel to �T (t)�.

Key parameters of the solution algorithm are described in the following. For the initialization

algorithm, the provided T
d

includes 12 times evenly distributed between t
i

and t
f

and the provided

�

est

is a unit vector parallel to the target pseudostate. The initial set of candidate times is selected

as the six times in T
d

at which maxu2U(1,t)

�

T

est

�(t)u is largest. The tolerances ✏
cost

and ✏
remove

in

the refinement algorithm were selected as 0.01. Finally, the error weight matrix Q in the optimal

control input extraction algorithm is the identity matrix. The algorithms defined in the previous
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section were implemented in MATLAB and CVX was used to solve the required convex optimization

problems in the iterative refinement and optimal control input extraction algorithms [75, 76].

5.6.2 Example Formation Reconfiguration Problem

The proposed algorithm is first used to compute an optimal maneuver sequence for the formation

reconfiguration problem described in the following. The initial and final ROE are selected to ensure

that the formation is aligned with Beta Pictoris at the start and end of the reconfiguration. Table

5.3 includes the initial (�↵(t
i

)), propagated (�(t
i

, t
f

)�↵(t
i

)), and desired (�↵
des

(t
f

)) mean ROE

used to compute the target pseudostate w.

Table 5.3: Initial and final mean ROE and target pseudostate.

ROE (km) a�a a�� a�e
x

a�e
y

a�i
x

a�i
y

�↵(t
i

) -0.44 -0.14 0.75 255.86 -0.37 -295.20
�(t

i

, t
f

)�↵(t
i

) -0.44 3.67 0.15 255.85 -0.37 -295.19
�↵

des

(t
f

) 0.00 0.01 0.04 255.79 -0.42 -295.20
w 0.44 -3.66 -0.10 -0.06 -0.06 -0.01

A solution that reaches the target pseudostate and satisfies the optimality criteria to within a

tolerance of ✏
cost

was found using only 2 iterations of Algorithm 5.2. The optimal dual variable is

given by �

opt

= 10�4⇥ [�1.21 � 0.35 0.17 � 0.18 � 0.05 � 0.24]T . The lower bound on the

total delta-v cost computed by evaluating Equation 5.21 and the total cost of the computed maneuver

sequence are both 76.7 mm/s. The optimal maneuver sequence consists of the four maneuvers in the

RTN frame provided in Table 5.4. It is noteworthy that some of these maneuvers include significant

radial components, which contradicts the expected behavior from the closed-form solutions proposed

by Chernick [58]. This behavior arises from the fact that the reconfiguration must occur in less than

one orbit, while Chernick’s closed-form solutions require at least one complete orbit to reconfigure

the in-plane ROE (�a, ��, �e
x

, and �e
y

).

Table 5.4: Optimal maneuvers for example scenario.

t
j

(sec) 0 14400 17520 36000
u
R

(t
j

) (mm/s) 19.92 -5.38 0.00 10.67
u
T

(t
j

) (mm/s) 32.90 10.93 6.04 -14.98
u
N

(t
j

) (mm/s) 3.24 0.86 4.27 1.30

The evolution of maxu2U(1,t)

�

T�(t)u for this solution is illustrated in Figure 5.7. The optimal

maneuver times are indicated by black circles and the time interval in which the fixed attitude
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constraint is enforced is indicated by gray shading. It is evident from this plot that the optimality

criteria are satisfied because maxu2U(1,t)

�

T�(t)u  1 at all times. It is also noteworthy that the

time derivative of maxu2U(1,t)

�

T�(t)u is not continuous when the attitude constraint is enforced.

This is because maxu2U(1,t)

�

T�(t)u is the maximum of four scalar functions. When the function

that defines the maximum changes, this results in a discontinuity in the time derivative.
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Figure 5.7: Evolution of maxu2U(1,t)

�

T�(t)u for optimal solution of example problem including
optimal maneuver times (black circles) and attitude constraints (gray).

5.6.3 Monte Carlo Experiment

A Monte Carlo experiment was performed by solving the described example problem for 1000 di↵er-

ent target pseudostates. In all of these scenarios the algorithm was able to find a maneuver sequence

with a total cost within a factor of ✏
cost

of the lower bound in no more than seven iterations of Al-

gorithm 5.2. These results demonstrate that the algorithm is able to quickly find optimal solutions

for a wide range of impulsive control problems.

To characterize the sensitivity of the computation cost to poor initial guesses, the algorithm was

initialized for each of these problems with two additional sets of candidate times. The first initial set

of times includes only t
i

and t
f

. This initialization is intended to capture the worst-case computation

cost because it is unlikely that the optimal cost can be reached with only two maneuvers. The second

initialization includes ten candidate times evenly spaced in the interval [t
i

, t
f

]. This initialization

ensures that the initial candidate times are reasonably close to optimal times, but requires the

algorithm to check a larger number of constraints in the iterations. The initializations with two,

six, and ten candidate times required averages of 3.76, 3.66, and 2.22 iterations of Algorithm 5.2,
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respectively. Figure 5.8 shows the distribution of the number of iterations required to solve these

reconfiguration problems for all three initialization schemes. It can be seen that the initializations

with two and six candidate times have very similar distributions, suggesting that the algorithm is

robust to poor initializations. However, the initialization with 10 times is able to converge in two

or three iterations in 90% of the test cases. It follows that initializing the algorithm with more

candidate times reduces the number of required iterations. On the other hand, including more

candidate times increases the complexity of the optimization problems that must be solved in each

iteration. Thus, the ideal number of candidate times for initialization will depend on the limitations

of available solvers for a specified application. Overall, these results show that the algorithm is

robust to poor initializations and the corresponding increase in the number of required iterations is

generally less than a factor of two.
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Figure 5.8: Distribution of the number of required iterations for formation reconfiguration problems
for three initialization schemes.

5.6.4 Profiling on an Embedded Microprocessor

To demonstrate the suitability of this approach for real-time applications, the algorithm was deployed

on an embedded microprocessor for nanosatellites. Specifically, the algorithm was deployed on a

development board from Tyvak Nanosatellite Systems. The development board, known as a flatsat, is

functionally identical to a flight-ready avionics board and includes a microprocessor with an 800 MHz

clock speed [93]. To facilitate deployment on this processor, a custom solver produced by CVXGEN

[94] was used to solve the required optimization problems in the iterative refinement and control input

extraction algorithms. CVXGEN is an online tool that produces explicit, customized, and e�cient

solvers for small convex optimization problems that can be represented as quadratic programs. To

accommodate the limitations of this solver (only linear constraints), the cost function was changed
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to the 1-norm of the control input vector for these tests. All other problem specifications are the

same as previously described. The algorithm was used to compute optimal maneuver sequences

for 12 target pseudostates. These problems required between two and six iterations of Algorith 5.2

to reach a solution that satisfies the optimality criteria within a tolerance of 1% and had total run

times ranging from 3.48 to 10.17 seconds. Also, it was found that each iteration required between 1.6

and 1.8 seconds. This behavior was expected because the number of constraints that are evaluated

by the solver at each iteration is explicitly coded in the solver. It should be noted that these run

times allocate 100% of the CPU power to computation of the optimal maneuver sequences, whereas

only a fraction of this power would be available in a real mission with other software. Nevertheless,

run times of one minute are still negligible relative to the allowed reconfiguration time of 10 hours.

Overall, these results demonstrate that the algorithm can be implemented in embedded applications

with run times on the order of seconds. This performance is suitable for a wide range of real-time

applications.



Chapter 6

Example Mission Simulations

To demonstrate the functionality and performance of the formation design proposed in this disser-

tation, simulations are conducted for example technology demonstration and science missions using

a small starshade formation. These simulations are also used to characterize the delta-v costs of

the mission profiles and their sensitivity to key error parameters. In the technology demonstration

mission, the formation is deployed in a GTO and images the vicinity of Epsilon Eridani for tens of

hours. This is su�cient to detect the known planet AEgir and validate the optical performance of

the starshade. In the science, the formation is deployed in a sun-synchronous LEO and images eight

nearby stars for several minutes each. This is su�cient to characterize the density of the debris

disks around each of these targets. The targets are observed during passes over the nodes and the

passive precession of the RAAN due to J
2

is leveraged to align the formation with di↵erent targets

at low delta-v cost. These simulations are conducted using a novel multi-stage navigation and con-

trol architecture that combines the dynamics models from Chapter 4 and the maneuver planning

procedure in Algorithms 5.1-5.3.

6.1 Navigation and Control Architecture

In these simulations, the spacecraft model consists of the navigation system and the control system

as shown in Figure 6.1. The navigation system includes the sensors and navigation filter and the

control system includes the control law and actuators. The sensors convert natural phenomena

to measurements (e.g., inter-spacecraft range or bearing angles). The navigation filter uses these

measurements and maneuver commands from the control law to produce state estimates. The state

99
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estimates are used by the control law to compute maneuver commands, which are then executed by

the actuators.

Sensors

Filter

Control
Law

Actuators

Natural
Dynamics

Navigation

Control

Spacecraft

Measurements

State
Estimates

Commands

Natural
Phenomena

Thrust

Figure 6.1: Navigation and control architecture for mission simulations.

The sensors used in each simulation are selected to be representative of commercially available

products suitable for use in the specified orbit. To simplify the simulations, the state estimates

produced by the filter are modeled by corrupting the true state with zero mean Gaussian noise

consistent with the measurement accuracies of these sensors. The control laws used to compute

the maneuver commands are identical for all simulations. However, the control law parameters and

update frequencies are modified to account for the di↵erent relative accelerations and orbit periods.

The thrusters are simulated by adding a zero mean Gaussian error of 5% (3-�) to the magnitudes

of the commanded maneuvers.
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6.1.1 Navigation

Science Mission

For simulations of the science mission, it is assumed that both spacecraft are equipped with the

DiGiTaL navigation system, which is currently under development at the Space Rendezvous Labo-

ratory [93]. This system uses integer ambiguity resolution techniques on carrier phase GNSS signals

to achieve precise absolute and relative navigation. The estimated 3-� state estimate uncertainties

after filtering are provided in Table 6.1. It is evident from these uncertainties that this system has

su�cient accuracy to meet the navigation requirements of the mission in all operations phases.

Table 6.1: 3-� state estimate uncertainties using DiGiTaL navigation system in LEO.

Position Velocity
Absolute 1.5 m 0.03 m/s
Relative 3.0 mm 0.1 mm/s

Technology Demonstration Mission

Since the technology demonstration mission uses a formation deployed in GTO, the apogee radius

will be larger than the orbit radius of the GNSS satellites. It follows that it is not currently feasible

to achieve the required relative navigation accuracy using only GNSS-based navigation systems.

Instead, a navigation concept inspired by full-scale mission designs is employed [13]. This navigation

concept is based on four sensors: 1) a GNSS receiver on each spacecraft, 2) an inter-satellite link (ISL)

that provides range and range-rate measurements, 3) a star tracker on the telescope spacecraft, and

4) a navigation sensor within the telescope payload. It is assumed that coarse absolute and relative

orbit knowledge will be available at all times using the GNSS receivers as demonstrated by NASA’s

Magnetospheric Multiscale Mission, which accomplished navigation using side lobes of the GNSS

signals at altitudes over 70 Mm [95].

Shortly before and during each observation, more accurate relative position and velocity measure-

ments will be obtained by fusing range and range-rate measurements from the ISL with di↵erential

bearing angles from the optical sensors [13]. When the angular separation between the starshade

and target star is several degrees, the di↵erential bearing angles are provided by a star tracker on

the telescope spacecraft. For a sensor similar to the Blue Canyon Technologies Nano Star Tracker,

it is expected that the di↵erential bearing angles can be computed with an accuracy of approxi-

mately ten arcseconds [96]. When the angular separation decreases to a few hundred arcseconds, a
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navigation sensor in the telescope is employed to produce more accurate di↵erential bearing angle

measurements. While the di↵raction limit for a 20 cm telescope in the B-band is approximately 0.5

arcseconds, it is expected that similar image processing techniques to those used on star trackers

can be employed to achieve measurement accuracies of a few hundredths of an arcsecond. It is also

anticipated that the starshade will be equipped with a beacon that can be observed in a di↵erent

frequency than the star, allowing the point spread function from each source to be distinguished

even when they overlap. Finally, when the telescope enters the shadow produced by the starshade,

the di↵racted images of the star in a di↵erent wavelength than the science instrument are processed

to provide di↵erential bearing angles with accuracy on the order of ten milliarcseconds. This corre-

sponds to centimeter-level position errors at the considered separations (hundreds of km), which is

su�cient to keep the formation aligned with the target with centimeter-level accuracy. The antici-

pated 3-� uncertainties of state estimates after filtering using these measurements are summarized

in Table 6.2. When the optical metrologies are used, the uncertainty is divided into longitudinal

(along the LOS) and lateral (perpendicular to the LOS) components. These values are computed

for a baseline separation of 500 km and a starshade radius of 1.5 m.

Table 6.2: 3-� state estimate uncertainties for proposed navigation metrologies in GTO.

Position (m) Velocity (m/s) Useful range

GNSS [95]
Absolute 100 0.1 Any
Relative 100 0.1 Any

Longitudinal RF [97] 10 0.1 Any
Star Tracker [96] 25 0.01  50 km

Lateral Telescope [98] 0.1 0.002  750 m
Di↵racted Images [98] 0.01 0.005  1.5 m

6.1.2 Observation Phase Control

The observation phase control law must be designed to ensure that the formation is aligned with the

target star with centimeter-level accuracy for the duration of each observation. Using the proposed

operations concept, it is only necessary to control the lateral position and velocity during this phase.

To simplify the selection of control law parameters, it is assumed that the starshade is equipped with

a propulsion system with su�ciently high thrust that maneuvers can be approximated as impulsive.

This assumption does not preclude the use of small thrusters because the impulsive maneuvers can

be approximated by finite maneuvers as long as the thrust intervals are small (order of seconds).

Under the impulsive control assumption, maneuver commands are computed using the deadband
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control law described in the following. At each update step, estimates of the telescope position r

tel

and velocity v

tel

and the relative position ⇢ and velocity ⇢̇ are taken from the navigation filter and

used to estimate the relative acceleration ⇢̈ using Equation 3.2. These values are used to estimate

the lateral relative position, velocity, and acceleration as given by

⇢? = ⇢� (⇢T

ê

star

)ê
star

⇢̇? = ⇢̇� (⇢̇T

ê

star

)ê
star

⇢̈? = ⇢̈� (⇢̈T

ê

star

)ê
star

(6.1)

Additionally, the projection of the lateral relative position vector onto the lateral relative acceleration

vector ⇢
acc

is computed as given by

⇢
acc

=
⇢

T

?⇢̈?
||⇢̈?||

(6.2)

The relationships between the variables in Equations 6.1 and 6.2 are illustrated in Figure 6.2.
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Figure 6.2: Relationships between lateral and longitudinal relative position, velocity, and acceleration
(left) and prejection of the lateral relative position vector onto the lateral relative acceleration vector
(right).

Next, let ✏
obs

denote a user-specified deadband and ⇢?,max

denote the maximum allowable value

of ||⇢?|| as specified by the starshade design. If ||⇢?|| > (1� ✏
obs

)⇢?,max

and ⇢̇

T

?⇢? � 0 (meaning

that the starshade is approaching the edge of the control window), then a maneuver is commanded to

negate the lateral relative velocity and achieve a user-specified velocity v
bias

toward the center of the

control window. If ⇢
acc

� 0 (meaning that the relative acceleration will tend to increase ||⇢?||), then
the commanded maneuver is augmented to ensure that the telescope is driven back to the center

of the shadow accounting for the estimated acceleration. This reduces the number of maneuvers

required during observations, minimizing the e↵ect of estimation errors on delta-v consumption. If

the telescope is not near the edge of the control window, but ||⇢̇?|| is over a specified threshold ⇢̇
max

(meaning that the formation has a large lateral relative velocity), then a maneuver is commanded

to negate the lateral relative velocity. This ensures that the starshade will not leave the control

window before the next update of the control law. The control law that computes the maneuver
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command u is summarized in Algorithm 6.1.

Algorithm 6.1. Maneuver command computation for observation phase

if ||⇢?|| � (1� ✏
obs

)⇢?,max

and ⇢̇

T

?⇢? � 0 then
u �⇢̇? � v

bias

⇢?
||⇢?||

if ⇢
acc

� 0 and ||⇢̈?|| > 0 then

u u�
q

2⇢

acc

||¨⇢?|| ⇢̈?

end if
else if ||⇢̇?|| � ⇢̇max

then
u �⇢̇?

else
u 0

end if

6.1.3 Reconfiguration Phase Control

The control law for the reconfiguration phase is designed to ensure that two criteria are met at

the start of each observation phase: 1) the formation is aligned with the target star with su�cient

accuracy that the telscope is near the center of the shadow produced by the starshade, and 2)

the longitudinal separation and velocity are close to the initial conditions from Equation 3.7. This

problem is challenging because the control window is very small (centimeter-level perpendicular to

the LOS). Additionally, the measurements produced by the navigation system for the technology

demonstration mission have time-varying accuracy and depend strongly on the direction. To address

these challenges, a new two-stage stochastic model predictive control law was developed. In the first

stage (called long-term) the control law is based on the maneuver planning algorithm from Chapter

5. In the second stage (called short-term), longitudinal and lateral control are decoupled to minimize

the impact of direction-dependent measurement accuracies on the delta-v cost of reaching the control

window.

Long-Term Control

The long-term control phase begins at the end of an observation phase and until shortly before

the start of the next observation phase. The primary purpose of this control law is to ensure that

the formation achieves coarse alignment with the target, at which point the short-term control logic

acquires precise alignment. This is accomplished by simply propagating the orbits of both spacecraft

to the start of the next observation phase including uncertainty and planned maneuvers at regular

intervals. If the desired relative state is outside of the 3-� uncertainty ellipsoid surrounding the
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propagated relative state, the maneuver plan is updated. Otherwise, the prior maneuver plan is

kept and all planned maneuvers are executed until the next update.

The propagated mean ROE state �↵
prop

is computed in four steps. First, the osculating orbits of

both spacecraft are propagated including planned maneuvers by integrating the equations of motion

including the J
2

perturbation. This dynamics model was selected because it is simple to implement

and is more accurate than closed-form models available in literature for propagation times of under

one orbit. Second, the propagated osculating orbits are converted to mean orbits using Schaub’s

first-order truncation of Brouwer’s osculating to mean transformation [99]. Finally, the mean ROE

are computed from the mean absolute orbits using the state definition in Equation 4.2.

The desired mean ROE �↵
des

are computed using a similar process. First, the desired absolute

position and velocity of the starshade are computed by adding the desired initial relative position

and velocity from Equation 3.7 to the propagated state of the telescope. These absolute Cartesian

states are then converted into osculating orbits, then mean orbits, and finally mean ROE using the

same formulae used to compute �↵
prop

.

Next, the covariance for the relative state in ROE space at the start of the next observation

phase, denoted P(t
f

), is computed using the model given by

P(t
f

) = �(t
i

, t
f

)P(t
i

)�T (t
i

, t
f

) +Q(t
f

� t
i

) +
X

�(t
j

, t
f

)B(t
j

)U
j

BT (t
j

)�T (t
j

, t
f

) (6.3)

In this model P(t
i

) is the initial covariance defined in ROE space, �(t
i

, t
f

) is the STM for the

time interval t
i

to t
f

, Q is the process noise matrix, B is the control input matrix, and U
j

is

the covariance matrix for the jth planned maneuver. The initial covariance in mean ROE space is

computed by performing an unscented transform on the covariance in Cartesian space. The STM

used to propagate the covariance is the unperturbed STM from Section 4.3. This model is selected

because the e↵ects of perturbations such as J
2

on the covariance are negligible for propagation times

of less than one orbit. The control input matrix defined in Equation 5.31 and is evaluated as a

function of time under the assumption that the telescope follows an unperturbed orbit. Finally, the

process noise matrix and maneuver covariance matrices are defined as

Q(t
f

� t
i

) = (10�3(t
f

� t
i

)/a)2I6x6 U
j

= ✏2
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(6.4)
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where ✏
control

is the 1-� maneuver execution uncertainty (0.0167) and u
j, R

, u
j, T

, and u
j,N

are the

radial, along-track, and cross-track components of the jth planned maneuver.

The propaged state, desired state, and final covariance matrix are used to determine if �↵
des

is

within the 3-� uncertainty ellipsoid surrounding �↵
prop

as given by

q

(�↵
des

� �↵
prop

)TP�1(t
f

)(�↵
des

� �↵
prop

)  3 (6.5)

If this condition is satisfied, the prior maneuver plan is used until the next update step. Otherwise,

the maneuver plan is revised.

If required, the maneuver plan is updated using the procedure described in the following. First,

the orbit of the starshade is propagated to the start of the next observation without any maneuvers.

Next, the final states of the telescope and starshade are used to compute the propagated mean ROE

state �↵
passive

. The propagated and desired states are then used to compute a set of impulsive

maneuvers that produce the desired reconfiguration at minimum cost. This is accomplished by

solving the optimal control problem given by

minimize:
X

||u
j

|| subject to: �↵
des

� �↵
passive

=
X

�(t
j

, t
f

)B(t
j

)u
j

(6.6)

using the algorithm described in Chapter 5. The control matrix is computed using Equation 5.31

and the state transition matrix is the J
2

-perturbed STM in Equation 4.23 (terms in Equations B.3

and B.4). This model is selected because the formation will be deployed in an orbit with su�cient

altitude to ensure that the e↵ects of di↵erential drag are negligible. The algorithm is configured to

provide a solution with a cost within 1% of the global optimum. The procedure used to update the

maneuver plan U (including all planned maneuvers and execution times) according to this control

logic is summarized in Algorithm 6.2.

Algorithm 6.2. Maneuver plan update for long-term control during reconfiguration phase

�↵
prop

 propagated relative state including maneuvers
�↵

des

 desired relative state
P(t

f

) propagated covariance including maneuvers
if
p

(�↵
des

� �↵
prop

)TP�1(t
f

)(�↵
des

� �↵
prop

)  3 then
U  U

else
�↵

passive

 propagated relative state without maneuvers
U  solution to optimal control problem in Equation 6.6

end if
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Short-Term Control

The short-term control phase begins shortly before the start of an observation phase and ends at the

start of the observation. This control law must ensure that two conditions are met at the start of

each observation phase. First, the formation must be aligned with the target with centimeter-level

accuracy to ensure that the telescope is in the deepest part of the shadow produced by the starshade.

Second, the separation and drift rate must be close (within ⇠200 m, 0.01 m/s) to the values specified

in Equation 3.7 to ensure that longitudinal control is not required during the observation phase. This

problem is challenging because the sizes of the lateral and longitudinal control windows di↵er by

multiple orders of magnitude. Additionally, the navigation sensors for the technology demonstration

mission provide measurements with time-varying accuracy (see Table 6.2). With these challenges in

mind, the proposed control logic decouples lateral and longitudinal control to minimize the delta-v

cost of reaching the control window.

A fundamental assumption used in the derivation of this control law is that the delta-v optimal

formation reconfiguration consists of two maneuvers executed at the beginning and end of the allowed

reconfiguration time. This assumption holds if the relative acceleration between the spacecraft can

be approximated as constant, which is reasonable provided that the control logic is used for a small

fraction of the orbit. The first maneuver ensures that the desired relative position is achieved and

the second maneuver ensures that the desired relative velocity is achieved. Using this approach,

an optimal maneuver can be planned at any time leading up to the start of the observation by

considering only the propagated relative position of the spacecraft. This property is exploited in the

control logic described in the following.

At every update step, the relative position at the start of the next observation phase ⇢

prop

is

computed by propagating the orbits of both spacecraft to the start of the next observation phase.

As in the long-term control law, the propagation is accomplished by numerically integrating the

equations of motion including the J
2

perturbation. Next, the longitudinal (denoted by subscript k)
and lateral (denoted by subscript ?) position errors at the start of the next observation phase are

computed as given by

⇢

err,k = ((⇢
prop

� ⇢

des

)T ê
star

)ê
star

⇢

err,? = (⇢
prop

� ⇢

des

)� ⇢

err,k (6.7)

where ⇢

des

is the desired relative position from Equation 3.7. The longitudinal and lateral relative

position uncertainties at the start of the next observation phase �
pos

(t
f

) are computed from the
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current relative position and velocity estimate uncertainties (�
pos

and �
vel

) as given by

�
pos,k(tf ) =

q

�2

pos,k(t) + (t
f

� t)2�2

vel,k(t) �
pos,?(tf ) =

q

�2

pos,?(t) + (t
f

� t)2�2

vel,?(t) (6.8)

Using these values, maneuvers are commanded to counteract the longitudinal and/or lateral position

errors unless one of the following two conditions is met: 1) the error is within the 3-� uncertainty

region, or 2) the entire 3-� uncertainty region is within the control window. If required, the com-

manded maneuver is computed by dividing the propagated position error by the time until the start

of the next observation phase. The control law used to compute the maneuver command u is sum-

marized in Algorithm 6.3 where ⇢?,max

and ⇢k,max

denote the sizes of the lateral and longitudinal

control windows. Finally, at the start of the observation phase a maneuver is performed to negate the

di↵erence between the estimated and desired relative velocity. The functionality and performance

of these algorithms will be validated by the simulation results in Section 6.3.

Algorithm 6.3. Maneuver command for short-term control

if ||⇢
err,k||| � max(⇢k,max

� 3�
pos,k(tf ), 3�pos,k(tf )) then

uk  �⇢
err,k/(tf � t)

else
uk  0

end if
if ||⇢

err,?||| � max(⇢?,max

� 3�
pos,?(tf ), 3�pos,?(tf )) then

u?  �⇢
err,?/(tf � t)

else
u?  0

end if
u uk + u?

6.2 Scenario Description

The simulations used to demonstrate the functionality and performance of the proposed formation

design and characterize the delta-v cost of the example mission profiles are described in the following.

The ground truth dynamics model for all simulations is a high-fidelity orbit propagator that includes

all significant perturbations in earth orbit [100]. The models used for each of these perturbations are

summarized in Table 6.3. The integrator is based on the Gauss variational equations, which allow

the time step to be increased to the order of minutes without compromising propagation accuracy.

In each simulation, navigation errors consistent with the values provided in Tables 6.1 and 6.2
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Table 6.3: Numerical orbit propagator parameters.

Integrator Runge-Kutta (Dormand-Prince)
Step size Fixed: 60 sec

Geopotential GGM01S (120x120) [101]
Atmospheric density NRLMSISE-00 [102]
Third body gravity Lunar and solar point masses, analytical ephemerides

Solar radiation pressure Satellite cross-section normal to the sun, no eclipses

are applied to state estimates used by the control laws. Actuation errors are modeled by corrupting

the magnitude of each executed maneuver with zero mean Gaussian noise (3-� error of 5%).

To isolate the e↵ects of navigation and control errors on the delta-v cost, a reference cost is

computed for each simulated observation and reconfiguration phase. The reference cost for each

observation phase is computed by propagating the orbits of both spacecraft using the high-fidelity

propagator and applying continuous control to the starshade that negates the relative acceleration

perpendicular to the LOS. It cannot be claimed that the reference cost is optimal because exploitation

of the control window could further reduce cost. For example, if the lateral relative velocity and

acceleration are very small, it may not be necessary to apply any control input. Nevertheless, this

reference cost provides a reasonable benchmark for the minimum delta-v cost.

The reference cost for the reconfiguration phase is computed as follows. First, the orbits of

both spacecraft are propagated to the start of the next observation phase using the ground truth

dynamics model without any maneuvers. Next, the desired state of the starshade is computed by

adding the initial relative position and velocity from Equation 3.7 to the position and velocity of the

telescope. The propagated and desired states of both spacecraft are converted to mean ROE using

the previously described computation sequence. These mean ROE are used to solve the optimal

control problem defined in Equation 6.6 using the algorithm described in Chapter 5. The reference

cost for the reconfiguration phase is the sum of the magnitudes of the planned maneuvers. This

reference cost provides a lower bound on the delta-v cost of a reconfiguration phase because it is not

necessary to correct for navigation and maneuver execution errors.

Case-specific considerations such as target selection, observation profile specification, and control

law parameters for each example mission are described in the following.

6.2.1 Technology Demonstration Mission

The objective of the technology demonstration mission is to have the formation observe a single target

for as long as possible to validate the optical performance of the starshade or generate first-of-a kind
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images of a large, bright exoplanet in short wavelengths. To facilitate long integration times, the

formation is deployed in a GTO. This orbit is characterized by small relative accelerations between

the spacecraft and slow precession due to J
2

. The selected target for this example mission is Epsilon

Eridani (RA = 3:32:55, DEC = -09:27:29). This target was selected because it has a a known

exoplanet (AEgir) with an angular separation of 1.05 arcsec and an average relative brightness of

10�8 [70, 103], making it easier to image than most Jovian exoplanets.

Next, it is necessary to determine the required integration time and inter-spacecraft separation,

which depend on the starshade design. To demonstrate the feasibility of the mission, the simulation

is based on a conservative starshade design to block wavelengths in the B-band (360-520 nm) with

a radius of 1.5 m and a baseline separation of 500 km. This starshade has a Fresnel number of

10 at the median wavelengh of 440 nm and an inner working angle of 0.612 arcsec, which provides

margin for unfavorable positioning of AEgir during observations. A starshade design with a 30 cm

shadow radius and a 1% separation tolerance was produced by solving the optimization problem in

Equation 2.9 with a theoretical suppression of 10�10. This starshade design is illustrated in Figure

2.3. For optical modeling purposes, it is assumed that manufacturing and deployment errors reduce

this suppression to 10�8. Using the optical model described in Section 2.1, a 20 cm telescope will

require 44 hours of integration time to achieve a 10-� detection, which is su�cient for a coarse

spectral characterization.

To achieve this integration time, the formation is deployed in an orbit with a semimajor axis

of 24500 km and eccentricity of 0.714. This orbit has a period of 10.6 hours and an apogee radius

of 42000 km. The argument of perigee is centered about 90o over the mission lifetime to minimize

delta-v cost. Using the approach described in Section 3.4, the optimal osculating Keplerian orbit

elements for the telescope and starshade at the start of the observation sequence are given in Table

6.4. The planned observation profile consists of 32 observations of 1.4 hour duration to ensure that

the separation remains within 1% of the baseline with margin for errors in the modeled trajectory

(Equation 3.6) and initial condition (Equation 3.7). During these observations it is necessary to

keep the formation aligned with the target to within 20 cm to keep the entire telescope aperture in

the deepest part of the shadow produced by the starshade.

The formation acquisition phase is not included in the simulations for simplicity. Instead, the

cost of this phase is approximated using the simple analysis described in the following. At launch,

the telescope spacecraft is stowed in the larger starshade spacecraft. After the telescope spacecraft is

ejected, the spacecraft must perform maneuvers to establish a 500 km separation in the cross-track
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Table 6.4: Initial osculating orbits for telescope and starshade spacecraft.

Orbit element a (km) e i (o) ⌦ (o) ! (o) M (o)
Telescope 24500 0.7143 99.80 142.92 91.19 156.23
Starshade 24501 0.7143 99.11 142.91 91.19 156.23

direction of the apogee of the orbit. This is equivalent to simply rotating the orbit plane of one of

the spacecraft by 0.68o. This can be accomplished by a single cross-track maneuver executed at the

semilatus rectum with a delta-v cost of 69 m/s. The formation acquisition can also be accomplished

by a sequence of maneuvers performed at the semilatus rectum over multiple orbits at a similar

delta-v cost.

Mission simulations proceed by alternating between observation and reconfiguration phases. The

first observation phase is initialized with the relative state specified in Equation 3.7 and each suc-

cessive phase is initialized with the terminal state of the previous phase. In these simulations, the

observation phase control law (Algorithm 6.1) is implemented every two seconds. During each re-

configuration phase, the long-term control logic for the reconfiguration phase (Algorithm 6.2) is

implemented every hour until one hour before the start of the next observation phase. The short-

term control logic (Algorithm 6.3) is implemented every 30 seconds in the hour leading up to the

start of each observation phase. Key parameters for the control laws are included in Table 6.5. The

parameters for the observation phase control law (⇢̇?,max

and ✏
obs

) were selected to ensure that the

starshade does not leave the control window before a maneuver is commanded with a worst-case

lateral relative velocity.

Table 6.5: Control parameters for Algorithm 6.1 in technology demonstration mission simulations.

⇢?,max

⇢k,max

⇢̇?,max

v
bias

✏
obs

0.20 m 200 m 0.02 m/s 1 mm/s 0.25

6.2.2 Science Mission Description

The objective of the science mission is to characterize the density of the debris disks around as

many stars as possible using a low-cost mission. To meet this objective, the mission is deployed in a

sun-synchronous LEO (i ⇡ 98o). This orbit selection ensures the availability of launch opportunities

as a secondary payload. Additionally, the high inclination enables the formation to image targets

in a large fraction of the sky near the celestial equator. The semimajor axis was selected to provide
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an altitude of 600 km, which ensures that e↵ects of atmospheric drag are negligible.

It is assumed that the optical system for this mission is equal to that used in simulations of the

technology demonstration mission with two di↵erences to reduce cost. First, the telescope aperture

is reduced to 10 cm. Second, the shadow radius is reduced to 15 cm. It follows that the control

logic must keep the formation aligned to within 10 cm during all observations. This optical system

can achieve a 5-� detection of disks with a surface brightness of 22 mag/arcsec2 in five minutes. To

enable coarse geometric characterization of the disks, each target is observed for three five-minute

intervals over consecutive orbits. To maximize the science return, the reference mission images the

eight targets indicated in Table 6.6. These targets are a subset of those provided in Table 2.1 that are

selected to ensure that two conditions are met: 1) the formation is always aligned within 15o of the

cross-track direction during observations, and 2) there is at least one week between observations of

each target. The latter condition is enforced to reduce the delta-v cost of formation reconfigurations

to align with di↵erent targets. Without loss of generality, it is assumed that the formation is aligned

in the negative cross track separation over the descending node. Under this assumption, targets with

positive declinations are observed during passes over the descending node and targets with negative

declinations are observed during passes over the ascending node to ensure that the formation is

aligned as close as possible to the cross-track direction during observations. Using this operations

strategy, the selected targets can be imaged in the order given in Table 6.6 in one year.

Table 6.6: Science targets for LEO mission in order of observation.

Target Right Ascension Declination
Procyon 7 h 39 m 18 s 5o 13’ 30”
Beta Leo 11 h 49 m 04 s 14o 34’ 19”
Tau Ceti 01 h 44 m 04 s -15o 56’ 15”
Eps Eri 03 h 32 m 56 s -9o 27’ 30”

Omi 02 Eri 04 h 15 m 16 s -7o 39’ 10”
Altair 19 h 50 m 47 s 8o 52’ 06”

HR 8799 23 h 07 m 29 s 21o 08’ 03”
61 Vir 13 h 18 m 24 s -18o 18’ 40”

The osculating orbits for both spacecraft at the start of the observation sequence for Procyon

are provided in Table 6.7.

For simplicity, the formation acquisition phase is not included in the simulations. Instead, its

cost is approximated using the analysis presented in the following. A 500 km cross-track separation

in the described orbit corresponds to a separation of 4.1o between the orbit planes. Using the same



CHAPTER 6. EXAMPLE MISSION SIMULATIONS 113

Table 6.7: Initial osculating orbits for science mission simulations.

Orbit element a (km) e i (o) ⌦ (o) ! (o) M (o)
Telescope 6996 0.0022 98.03 26.85 -49.32 -139.76
Starshade 6997 0.0022 98.02 22.70 50.19 119.96

strategy as described in the previous section, this separation can be established through a single

cross-track maneuver at a delta-v cost of 540 m/s. However, this cost can be reduced by leveraging

the passive orbit dynamics as described in the following. Since observations will be performed during

passes over the nodes, the separation is established primarily through a di↵erence in RAAN. This

separation can be established through a simple three-step process. First, a maneuver is performed

to create a di↵erence in inclination between the orbits. Second, the orbits are allowed to passively

drift, during which time the RAANs of the orbits will drift at di↵erent rates. Third, a maneuver is

performed to negate the di↵erence in inclination after the desired separation is established.

To characterize the tradeo↵ between delta-v cost and formation acquisition time, the algorithm

in Chapter 5 was used to compute optimal formation acquisition maneuvers for times ranging from

one orbit to one hundred days. The behavior of the delta-v cost as a function of time is shown in

Figure 6.3 (left). It is clear from this plot that the delta-v cost scales with the inverse of the allowed

time. Specifically, the delta-v cost can be reduced by 50-80% by allowing one to three months for

formation acquisition. A selection of the resulting trajectories in relative inclination vector space

are shown in Figure 6.3 (right). In this plot the changes in the ROE due to maneuvers are indicated

by solid lines and changes due to passive dynamics are indicated by dotted lines. It is evident that

the numerically computed maneuvers follow the described pattern. Specifically, as the allowed time

increases, the maneuver plan tends toward two equal and opposite changes in the inclination (�i
x

)

separated by a long period of passive drift to build a di↵erence in RAAN (�i
y

).

Mission simulations are conducted by alternately simulating an observation sequence for each

target and simulating a reconfiguration to align the formation with the next target. The observation

sequence for each target is simulated by alternating between observation phases and reconfiguration

phases. In these simulations, the observation phase control law (Algorithm 6.1) is implemented every

0.25 seconds. After each reconfiguration phase, the long-term control logic for the reconfiguration

phase (Algorithm 6.2) is implemented every ten minutes until ten minutes before the start of the next

observation phase. The short-term control logic (Algorithm 6.3) is implemented every 20 seconds in

the ten minutes leading up to the start of each observation phase. Key parameters for the control



CHAPTER 6. EXAMPLE MISSION SIMULATIONS 114

0 20 40 60 80 100
0

100

200

300

400

500

600

-200 -100 0 100 200
0

100

200

300

400

500
1 Orbit

5 Days

10 Days

30 Days

100 Days

Figure 6.3: Delta-v cost for formation acquisition vs allowed time (left) and optimal trajectories in
relative inclination vector space including e↵ects of maneuvers (solid line) and passive drift due to
J
2

(dashed line).

laws are included in Table 6.8.

Table 6.8: Control parameters for Algorithm 6.1 in science mission simulations.

⇢?,max

⇢k,max

⇢̇?,max

v
bias

✏
obs

0.10 m 200 m 0.2 m/s 1 mm/s 0.5

After each observation sequence, a maneuver sequence is computed to align the formation with

the next target. Because these reconfigurations occur over long periods (weeks to months), they are

not simulated in closed-loop to reduce the computational cost of the simulations. Instead, they are

simulated by the four-step procedure described in the following. First, the optimal initial telescope

orbit for the next target is computed using the procedure in Section 3.4. Second, the orbits of

both spacecraft are propagated including only the e↵ects of the J
2

perturbation until the RAAN of

the telescope orbit reaches the optimal value. The propagation is stopped 2.5 minutes before the

spacecraft cross the proper observation node. Third, the desired orbit of the starshade is computed

by adding the separation and drift rate from Equation 3.7 to the state of the telescope. Finally, the

propagated and desired relative states are converted to mean ROE and used to solve the optimal

control problem described in Equation 6.6 using Algorithms 5.1-5.3. The first observation phase for

the next target is initialized with the desired orbits for both spacecraft.
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6.3 Simulation Results

Two success criteria have been defined for each simulation. First, the magnitude of the lateral

relative position vector must not exceed the specified maximum (20 cm for technology demonstration

mission, 10 cm for science mission) throughout all observation phases. Second, the inter-spacecraft

separation must be within ±1% of the baseline (±5 km) throughout all observation phases. Both of

these criteria were met for all conducted simulations.

6.3.1 Technology Demonstration Mission

In addition to the nominal profile described in Section 6.2.1, simulations were conducted to charac-

terize the sensitivity of the delta-v cost of this mission to critical design variables. The key variables

include the inclination, RAAN, and argument of perigee, which govern the location of the pointing

vector to the target during observations (at the orbit apogee). The sensitivity of the mission delta-v

cost to errors in the inclination and RAAN are provided in Table 6.9. In this table the simulation

and reference costs are computed by summing the costs of all observation and reconfiguration phases.

Several conclusions can be drawn from this sensitivity study. First, it is evident that the selected

orbit minimizes the delta-v cost of the mission profile. Moreover, the optimal delta-v cost is only

7.4 m/s, which is orders of magnitude less than the delta-v capacity of current propulsion systems

and only 10% of the cost of formation acquisition. This suggests that integration times of over

100 hours can be achieved including margins for other operational constraints and contingencies. It

is also noteworthy that the delta-v cost is very sensitive to errors in the inclination of the orbit.

This behavior is expected because an error in the inclination changes the radial component of the

pointing vector to the target at the apogee. However, the total delta-v cost of nominal operations

will be less than the cost of formation acquisition if the inclination error is less than 0.75o. Also, the

delta-v cost is nearly 100 times less sensitive to errors in the RAAN as expected since these errors

change the along-track component of the pointing vector to the target. The di↵erence between the

simulated and reference cost ranges from 4.0 to 11.2 m/s across these simulations. Including the

cost of formation acquisition (69 m/s), this di↵erence represents 5-7% of the total delta-v cost of the

mission. This demonstrates that errors in the dynamics model, measurements from the navigation

sensors, and errors in the applied maneuvers have only a modest e↵ect on the mission delta-v budget.

The sensitivity of the delta-v cost to errors in the argument of perigee of one degree or less

was found to be negligible, so these simulations were omitted from Table 6.9. Instead, a batch of
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Table 6.9: Technology demonstration cost sensitivity to absolute orbit errors.

�i (o) -1.0 -0.5 0 0.5 1.0
Simulation cost (m/s) 94.4 48.8 7.4 47.7 91.0
Reference cost (m/s) 83.2 42.4 3.4 39.6 80.3

�⌦ (o) -1.0 -0.5 0 0.5 1.0
Simulation cost (m/s) 8.5 7.9 7.4 7.5 8.2
Reference cost (m/s) 4.3 3.7 3.4 3.7 4.3

simulations was conducted varying the reference argument of perigee from 0 to 360o. The simulation

and reference delta-v costs for these scenarios are shown in Figure 6.4. The trends in this plot clearly

support the hypothesis from Section 3.4 that the optimal arguments of perigee are 90o and 270o

and the worst-case arguments of perigee are 0o and 180o. Also, the proper choice of the argument

of perigee reduces the delta-v cost by a factor of three compared to a worst-case choice.
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Figure 6.4: Simulated and reference delta-v cost of observation profile vs reference argument of
perigee.

To further validate the predicted behaviors of the mission cost described in Chapter 3, simulations

were conducted to characterize the sensitivity of the delta-v cost to errors in inclination and RAAN

for a reference argument of perigee of 0o. It was found that the sensitivity to errors in inclination

is 2.5 m/s per degree and the sensitivity to errors in the RAAN is 40 m/s per degree. These trends

are reversed as compared to the results in Table 6.9 as expected because errors in the RAAN a↵ect

the radial component of the pointing vector to the target.

The behaviors observed in these sensitivity studies suggest that the optimal argument of perigee

depends on the expected orbit injection error. If the orbit has an argument of perigee of 90o then

the delta-v cost will reach its global minimum provided that the inclination of the injected orbit is

precisely controlled. However, this poses a risk because the inclination is nearly constant under the

e↵ects of perturbations in earth orbit. It follows that it will be necessary to correct any error in

inclination (at a cost of ⇠100 m/s per degree) or use more propellant to compensate for sub-optimal
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formation alignment during observations. On the other hand, if the argument of perigee is 0o, then

inclination errors of one degree have little impact on the delta-v cost. In this case it is critical to

ensure that observations are performed near the optimal RAAN. Errors in the initial RAAN can be

addressed at zero delta-v cost by properly timing mission operations to account for the precession

due to J
2

. Combining these results, the optimal argument if perigee is 90o or 270o if the orbit

inclination provided by the launch vehicle can be controlled to better than 0.25o. If the inclination

error is expected to be larger, the argument of perigee should be set at 0o or 180o to enable control

of the radial component of the pointing vector to the target at zero delta-v cost through proper

timing of observations.

It is also worthwhile to consider the evolution of the costs of individual mission phases over

the mission lifetime. Figure 6.5 shows the evolution of the costs of individual observation phases

(blue) and reconfiguration phases (red) for arguments of perigee of 90o (left) and 0o (right). The

reference costs are indicated by dashed lines with x-marks and the simulated costs are indicated by

solid lines with o-marks. The trends in these plots closely follow the expected behaviors described in

Chapter 3. In the left plot, the pointing vector to the target evolves in the along-track direction, so

the cost of observation phases varies slowly with time. The cost of reconfiguration phases is nearly

constant over the mission lifetime because the spacecraft always have equal orbit radii. In the right

plot, the pointing vector to the target evolves in the radial direction, resulting in rapid changes in

both the observation and reconfiguration phase costs due to the requirement of a nonzero di↵erence

in the semimajor axes during observations. Also, the costs are minimized in the middle of the

mission lifetime as expected since this is when the formation is optimally aligned. Additionally, it is

clear that the simulated and reference costs for observation phases are nearly identical, suggesting

that navigation and control errors have no significant impact on the required delta-v. Instead, the

simulated costs of the reconfiguration phases are generally 0.1-0.2 m/s higher than the reference

cost. This behavior is expected because the reference cost assumes perfect dynamics and navigation

knowledge throughout the orbit, while the simulations require rapid corrections near the end of the

reconfiguration phase to ensure that the starshade reaches the control window. While there is room

for improvement in the control law (e.g. delaying the start of the observation phase when errors are

large to save propellant), these measures will have little impact on the total delta-v budget unless

extremely long integration times (hundreds of hours) are required.

In light of these results, it is worthwhile to consider the requirements on the propulsion system.

The total delta-v budget for the nominal mission profile can be computed by adding the costs of



CHAPTER 6. EXAMPLE MISSION SIMULATIONS 118

0 4 8 12 16 20 24 28 32

Observation number

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
D

e
lta

-v
 c

o
st

 (
m

/s
)

0 4 8 12 16 20 24 28 32

Observation number

0

0.2

0.4

0.6

0.8

1

D
e

lta
-v

 c
o

st
 (

m
/s

)

Observation (Ref)

Observation (Sim)

Reconfiguration (Ref)

Reconfiguration (Sim)

Figure 6.5: Evolution of costs of individual mission phases for reference argument of perigee of 90o

(left) and 0o (right).

formation acquisition and nominal operations. For the conducted simulations this total cost ranges

from 76 to 163 m/s depending on the selected argument of perigee and errors in the inclination and

RAAN. The required thrust can be approximated by dividing the delta-v cost of the most expensive

observation phase by its duration. The most expensive simulated observation phase had a delta v

cost of 1.0 m/s, requiring the propulsion system to produce an average acceleration of 0.2 mm/s2.

While this thrust level is too large to be met by electric propulsion systems, it can easily be achieved

by conventional cold gas (Isp = 70 s) or chemical (Isp = 200 s) propulsion [104]. To provide the

worst-case delta-v budget of 163 m/s, the required propellant mass fraction (defined with respect

to the dry mass) is 27% for cold gas and 9% for chemical propulsion. This suggests that a chemical

propulsion system can be used for a much longer mission.

6.3.2 Science Mission

Simulations of the science mission were conducted to assess the total delta-v cost of the mission profile

described in Section 6.2.2 and its sensitivity to critical design variables. The variables selected for the

sensitivity study are the orbit inclination and the timing of the observation profiles. The observation

timing is an analog of an error in RAAN, which drifts at a rate of 0.06o per orbit in sun-synchronous

LEO. This is a more relevant parameter because any initial RAAN can be accommodated by properly

selecting the order in which the targets are observed. The location of the observation maneuvers

is not considered in the sensitivity study because the nodes are the only location that allow the

formation to achieve near-optimal alignment with targets with a range of declinations.
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The simulation results are divided intro two parts: 1) observation profiles for the targets, and

2) formation reconfigurations to align the formation with the next target. Figure 6.6 shows the

sensitivity of the total cost for all observation phases (blue), the total cost of all formation reconfig-

urations to re-align with the same target (red), and the total observation profile cost (black) to the

orbit inclination (left) and timing errors (right). The simulation costs (solid line) and reference cost

(dashed line) are indicated to characterize the impact of navigation and control errors.
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Figure 6.6: Sensitivity of delta-v cost of observation and reconfiguration phases for re-alignment
with a specified target to orbit inclination (left) and delays (right).

It is evident from Figure 6.6 (left) that the delta-v cost is slightly reduced by increasing the

inclination of the orbit. Also, this sensitivity manifests only in the cost of the observation phases

and the cost of the reconfiguration phases is constant. This behavior arises from the fact that the

delta-v cost of the observation phases is directly proportional to the angle between the pointing

vector to the target and the cross-track direction. Since most of the targets in Table 6.6 have

declinations of more than 8o, increasing the orbit inclination decreases this angle for the majority of

the targets, reducing the total delta-v cost. However, shifting the orbit inclination by two degrees

only results in a delta-v savings of 10 m/s. With this in mind, the more important finding from this

plot is that the formation can be deployed in any sun-synchronous orbit with little impact on the

delta-v budget for the mission.

On the other hand, the delta-v cost of the observation profiles exhibits significant sensitivity

to timing errors as shown in Figure 6.6 (right). Indeed, a timing error of five orbits doubles the

total cost of the observation profiles. This behavior is also consistent with the predicted behaviors

described in Chapter 3. Specifically, starting the observation profile at a sub-optimal time changes
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the radial component of the pointing vector to the target, causing a large change in the delta-v cost.

It is therefore evident that the observation profiles must occur within a small window (a few hours)

of the optimal time.

Another noteworthy characteristic of the plots in Figure 6.6 is that the total cost of the observa-

tion profiles is dominated by the cost of the observation phases. This is the opposite of the behavior

observed in simulations of the technology demonstration mission (see Figure 6.5). This behavior

is due to the fact that the orbit is not optimally oriented for all observed targets. To understand

this behavior, recall from Chapter 3 that the delta-v cost of an observation profile is minimized by

ensuring that the angular momentum vector is (anti-)parallel to the pointing vector to the target

with a small correction to ensure the spacecraft have equal orbit radii. Also, the RAAN slowly drifts

by 360o over the course of a year in a sun-synchronous orbit and the inclination remains constant

under the e↵ects of J
2

. As a result, the angular momentum vector traces out a circle with a constant

declination of 8o for the described orbit (i = 98o). It follows that the angular momentum vector

will never be exactly aligned with targets with declinations other than ±8o. Instead, it is necessary

to perform observations when the angular momentum is as close as possible to the target. However,

the cost of these observations is proportional to the angle between the angular momentum vector

and the pointing vector to the target. For a properly sequenced set of observations this angle is

equal to the absolute value of the di↵erence between the declination of the target and the closer of

±8o, which is hereafter called the declination o↵set.

To illustrate this e↵ect, the combined costs of observation phases (blue) and reconfiguration

phases (red) for the observation profiles of each target are shown in Figure 6.7 as a function of the

declination o↵set of the targets. It is clear from this plot that the delta-v cost of reconfiguration

phases to re-align the formation with a given target is small and invariant of the declination o↵set.

This is due to the fact that the observation profiles are timed to ensure that both spacecraft have

equal orbit radii. However, the cost of observation phases is linearly proportional to the declination

o↵set and are generally larger than the reconfiguration phase costs. Indeed, the two targets with the

highest o↵set (69 Vir and HR 8799) account for more than half of the delta-v cost of all observation

profiles. This is the opposite of the behavior observed in the technology demonstration mission

where the reconfiguration phases dominate the delta-v cost. This behavior arises because none of

the targets are optimally positioned for the specified orbit (per the computation sequence in Section

3.4). The declination o↵set is proportional to the rate of change of the unit pointing vector to the

target in the RTN frame during observations, which in turn is proportional to the delta-v cost of
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the observation. However, it should be noted that the observation phase and reconfiguration phase

costs are similar for targets with declination o↵sets of one degree or less (Omi 02 Eri and Altair).

Altair
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Eri

Procyon

Beta Leo

Tau Ceti
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HR 8799

Figure 6.7: Sensitivity of costs of observation phases (blue) and reconfiguration phases (red) to
declination o↵set for observation profiles of individual targets.

Two important conclusions can be drawn from this plot. First, the science targets should be

selected to minimize the declination o↵set in order to minimize the delta-v cost. Second, it may

be possible to reduce the delta-v cost of the mission by tailoring the number of and duration of

the observations to each target based on its location. It was demonstrated in Chapter 3 that the

delta-v cost of an optimally timed observation maneuver varies quadratically with the maneuver

duration. Instead, the total cost of the reconfiguration phases varies quadratically with the number

of observation phases (see right plot in Figure 6.5). Together, these findings suggest that the optimal

observation profile that minimizes the delta-v required to achieve a specified integration time depends

on the location of the target.

Next, it is necessary to consider the delta-v costs of the formation reconfigurations that align

the formation with di↵erent targets. The combined delta-v cost of these seven reconfigurations

is 250 m/s for the nominal mission profile and ranges from 220 to 270 depending on the orbit

inclination and applied timing errors.. Figure 6.8 shows the sensitivity of the cost of each of the

seven reconfigurations to timing errors (left) and the orbit inclination (right). It is evident that the

costs of individual reconfigurations are insensitive to timing errors of a few orbits. On the other

hand, these costs exhibit significant sensitivity to the orbit inclination. While the sensitivities of

the delta-v costs of individual reconfigurations vary widely, their cumulative e↵ect on the delta-v

cost of the full set of reconfigurations is only a 10% di↵erence for inclination changes of up to two

degrees. Another noteworthy trend in this plot is that the 6th and 7th reconfigurations (which move
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the formation to and from alignment with HR 8799) account for half of the total cost of all of these

reconfigurations. This again demonstrates the importance of selecting science targets as close as

possible to the optimal declinations of ±8o.
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Figure 6.8: Sensitivity of costs of observation phases (blue) and reconfiguration phases (red) to
declination o↵set for observation profiles of individual targets.

The total delta-v cost of this example mission can be computed by summing the costs of the

observation profiles, formation reconfigurations between targets, and formation acquisition. The

total cost of the optimally timed observation profiles for the eight selected targets ranges 120 m/s.

The cost of reconfiguring the formation between these targets is 250 m/s. The delta-v cost of

formation acquisition over one month is 250 m/s, resulting in a total cost of 620 m/s for the complete

mission. It should be noted that this cost may increase by over 100 m/s if the observations of the

targets are not executed at the optimal times. However, it may also be possible to reduce the delta-v

cost by tailoring the number and duration of observations to each target. Finally, the delta-v cost of

the mission can be substantially reduced if a set of targets can be identified in narrower declination

bands centered at the optimal values of ±8o

Because the delta-v cost for this mission profile is quite large, it is necessary to consider the feasi-

bility of the associated propulsion system. Using conventional chemical propulsion systems for small

satellites (Isp ⇡ 200 s), achieving a delta-v capacity of 620 m/s requires a propellant mass fraction

(with respect to dry mass) of 37% before any margins. However, bipropellant systems currently in

development have Isp of approximately 300 s [105], which reduces the propellant mass fraction to

24%. Another option would be to use two propulsion systems. Because formation acquisition and

reconfigurations between targets can take weeks to months, the required maneuvers can be accom-

plished with an electric propulsion system such as a Hall e↵ect thruster (Isp ⇡ 1200 s) [106]. The

total delta-v budget for the mission can be met with a propellant mass fraction of approximately
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10% using an an electric propulsion system for formation acquisition and reconfiguration between

targets and a conventional chemical propulsion system for observation profiles.

6.3.3 Control Law Behavior

To understand the relationship between the simulated and reference costs for these example missions,

it is instructive to consider the behavior of the control laws during the simulations. First, recall that

the di↵erence between simulated and reference costs for the observation phases was nearly zero for

all observation phases. This behavior can be understood by considering the trajectory of the lateral

relative position vector during an observation phase in a simulation of the technology demonstration

mission shown in Figure 6.9. It is clear from this plot that the lateral relative position follows

a parabolic trajectory after each maneuver with the vertex near the center of the control window.

This behavior is consistent with the expected behavior from maneuvers commanded using Algorithm

6.1. Additionally, it is evident from the narrow parabolic trajectories that the executed maneuvers

directly oppose the lateral relative acceleration. It follows that errors in the executed maneuver

magnitudes only impact the timing of the next maneuver and have negligible impact on the delta-v

cost. For example, if the error increases the magnitude of the maneuver, the formation will simply

drift in the deadband for a longer period of time, delaying the next maneuver.
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Figure 6.9: Lateral relative position trajectory during observation phase including control windows
(dashed lines), the region in which maneuvers are commanded (gray) and locations of executed
maneuvers (circles).

Next, recall that the simulated costs for reconfiguration were almost always 0.1-0.2 m/s larger

than the reference costs. This behavior can be understood by considering the example update

step of the long-term control logic during a reconfiguration phase in the technology demonstration
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mission shown in Figure 6.10. In this plot the current state estimate is indicated by a triangle, the

propagated trajectory using the prior maneuver plan is shown as a solid line, and the 3-� uncertainty

ellipsoid surrounding the propagated state is shown in gray. For clarity, the update is plotted in

three di↵erent subspaces of the ROE. It is evident that the desired state (indicated by a circle) is

outside of the 3-� ellipsoid in the relative inclination vector plane (�i
x

and �i
y

), so it is necessary to

update the maneuver plan. The propagated trajectory using the updated maneuver plan (dashed

line) is multiple orders of magnitude closer to the desired state. The updated steps of the short-term

control law exhibit nearly identical behavior and are not shown for brevity.
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Figure 6.10: Update of long-term control logic during reconfiguration phase including current state
estimate (triangle), desired final state (circle), propagated trajectory using the prior maneuver plan
(solid line), 3-� uncertainty around propagated state (gray), and propagated trajectory using the
updated maneuver plan (dashed line).

The increased cost of the simulation phase arises from three sources: 1) errors in the relative state

estimate when the maneuver plan is updated, 2) errors in the dynamics models, and 3) maneuver

execution errors. These combined e↵ects of these errors must be negated near the end of the

reconfiguration when dynamics model errors are minimal and navigation accuracies are best. These

last-minute corrections are less e�cient and result in an increased delta-v cost. It follows that

this di↵erence can be reduced by improving the accuracy of the navigation system or using a more

accurate dynamics model. However, the it is unlikely that the reduction in the delta-v would justify

the increased complexity of the system.

Another important consideration is the amount of time between maneuvers during the observa-

tion phases. This characteristic provides an upper bound on the required update frequency of the

control law. Also, it is not currently known whether the exhaust plume from maneuvers executed

by the starshade will interfere with images collected by the telescope. While this e↵ect can be
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mitigated by shuttering the telescope during maneuvers, it is desirable to minimize the number of

interruptions in the observations. To assess the impact of these considerations, the average time

between maneuvers for each observation phase was computed by dividing the number of maneuvers

by the duration of the observation.

Across all simulations of the technology demonstration mission, the average time between ma-

neuvers varied between 1.2 and 12 minutes for all simulations, corresponding to 7-70 maneuvers per

observation. Considering only nominal missions (i.e., no orbit errors) the minimum average time

between maneuvers increases to three minutes. The best case scenario was found to be the nominal

mission profile with an argument of perigee of 90 degrees. The observation phases in this simula-

tion only required 7-15 maneuvers, for a minimum average time between maneuvers of six minutes.

However, orbit injection errors of one degree in the worst-case direction reduce the time between

maneuvers to 1.2-1.5 minutes for all simulations. Since the worst-case average time between maneu-

vers is over one minute, it is evident that this mission can cope with sparse (order of 10 seconds)

measurements and control law updates.

For simulations of the science mission, it was found that the average time between maneuvers

varied between two and ten seconds across all simulations, for a total of 30-150 maneuvers per

observation. This maneuver frequency is much higher than the technology demonstration mission

due to the smaller shadow and larger relative accelerations in low earth orbit. Also, the maneuver

frequency depends strongly on the target. For example, the average time between maneuvers for

all observation phases of HR 8799 was always between two and three seconds regardless of the

orbit inclination or timing error. Instead, the average time between observations of Omi 02 Eri was

between five and ten seconds for all orbit inclinations. However, worst-case timing errors reduced the

average time between maneuvers to three seconds. It is evident from these results that this mission

will require rapid measurements and control law updates. If necessary, the required frequency

of these updates can be reduced by selecting science targets closer to the optimal declination or

implementing a predictive control law that better exploits the size of the deadband.

6.4 Summary

The results of these simulations closely follow the predicted behaviors described in Chapter 3, demon-

strating that the orbit design and control problems are now well understood. Indeed, the delta-v

cost of acquiring and maintaining formation alignment with inertial target(s) at large separations



CHAPTER 6. EXAMPLE MISSION SIMULATIONS 126

in earth orbit has been reduced by multiple orders of magnitude compared to previous mission de-

signs. For example, the total delta-v cost of the technology demonstration mission profile is only

77 m/s, 90% of which is required for formation acquisition. This is well within the capabilities of

small spacecraft propulsion systems and indicates that longer integration times are possible including

margin for other operational constraints. The delta-v cost of the example science mission to image

eight targets is 620 m/s, the majority of which is allocated to formation acquisition and formation

reconfigurations between targets. This large cost can be accomodated by using new propulsion sys-

tems with high specific impulse or a hybrid system consisting of a conventional chemical propulsion

system for observation profiles and and electric propulsion system for formation acquisition and

formation reconfiguration between targets. Also, the delta-v cost can be reduced by making any of

three modifications to the mission: 1) allowing a longer time for formation acquisition, 2) selecting

targets closer to the ideal declinations, or 3) adjusting the number and duration of observations for

poorly positioned targets. Overall, these results demonstrate for the first time that the proposed

small-scale starshade formation can be used to image targets of scientific interest at delta-v costs

within the capabilities of small spacecraft propulsion systems.



Chapter 7

Conclusions

7.1 Review of Contributions

This dissertation presented a novel spacecraft formation design that enables distributed telescopes

with large inter-spacecraft separations to be deployed in earth orbit, reducing mission costs by

orders of magnitude. To accomplish this, mission operations are divided between observation and

reconfiguration phases. During observation phases, one spacecraft uses a quasi-continuous control

system to negate the relative acceleration perpendicular to the line-of-sight, maintaining formation

alignment at minimum cost. During reconfiguration phases, one spacecraft performs a sequence of

maneuvers to align the formation with the target at the start of the next observation phase. This

approach enables accumulation of long integration times without requiring the control system to

negate the full relative acceleration between the spacecraft.

To minimize the delta-v cost of these operations phases, new absolute and relative orbit designs

are developed that align the relative acceleration vector with the line-of-sight throughout observa-

tions. This is accomplished by ensuring that both spacecraft have equal orbit radii and that the

formation is aligned primarily in the cross-track direction. Additionally, it is found that the e↵ects

of perturbations can be minimized by making two modifications. First, the right ascension of the

ascending node should be centered about its optimal value over the expected mission lifetime. Sec-

ond, observations should be performed at the extreme latitudes to ensure that the pointing vector

to the target evolves in the (anti-)flight direction. However, the impact of the argument of perigee

is only significant if observations are performed over many orbits.

127
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The culmination of this work is a set of simulations of two example missions intended to demon-

strate the feasiblity and value of a small starshade mission in earth orbit. The envisioned formation

includes a nanosatellite equipped with a 10-20 cm telescope separated by several hundred kilometers

from a microsatellite equipped with a starshade several meters in diameter. These simulations use

a multi-stage navigation and control architecture with errors consistent with current commercially

available sensors and actuators.

In the first example mission, the formation is deployed in a geosynchronous orbit and images the

vicinity of a bright star for tens of hours to characterize the optical performance of the starshade and

image a large, bright exoplanet. It is found that 44 hours of integration time can be accumulated

with a total delta-v cost of 77 m/s for the entire mission. This suggests that integration times of

over 100 hours can be achieved with su�cient delta-v margins to cope with orbit injection errors

and operational constraints. In agreement with predictions from the orbit design, the delta-v cost

of the mission is sensitive to the orientation of the orbit. Specifically, a rotation of the orbit plane

by one degree in the worst-case direction increases the delta-v cost of the mission by 90 m/s per

second. As such, it is imperative to accurately control the orbit injection for this mission. However,

if the observations are conducted during passes over the nodes, this sensitivity can be mitigated

by exploiting the drift of the RAAN due to J
2

. Using this approach, the orbit can be controlled

with sub-degree precision by starting observations when the RAAN reaches its optimal value. As a

result of this work, NASA’s Starshade Readiness Working Group has recommended deployment of

a similar mission to complement ground-based tests campaigns intended to retire key optical and

formation flying technology gaps.

In the second example mission, the formation is deployed in a sun-synchronous low earth orbit

and images eight target stars for fifteen minutes each over the course of a year to characterize the

density of the surrounding debris disks. To maximize the number of candidate targets, observations

are performed during passes over the nodes. Using this approach, targets with di↵erent declinations

can be observed by introducing a small separation in the (anti-)flight direction. The formation is

aligned with targets with di↵erent right ascensions by properly timing the observation sequences

based on the precession of the orbit due to J
2

. The total delta-v cost of the simulated mission

was found to be 620 m/s. The majority of this cost is incurred during formation acquistion and

reconfigurations to align the formation with di↵erent targets. The total cost of the eight observation

profiles was found to be 120 m/s, with more than half of this cost incurred during observations of 69

Vir and HR 8799, which have the largest declination. Unlike the example technology demonstration
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mission, the delta-v cost of this mission is insensitive to orbit injection errors. In particular, the

mission can tolerate any initial right ascension of the ascending node by properly selecting the order

in which targets are observed. However, the observation profile for each target must be conducted

in a window of a few hours to prevent a large increase in the delta-v cost. Study of this mission

concept has resulted in a mission proposal that was accepted by NASA Astrophysics in its first call

for small satellite missions.

Noteworthy contributions in optical design, linear dynamics models for spacecraft relative motion,

and impulsive maneuver planning are summarized in the following.

7.1.1 Optical Design

This research developed a family of optical designs consisting of a starshade and telescope that

can image scientifically interesting targets such as debris disks and bright exoplanets. The optical

system consists of a 10-20 cm aperture telescope and a small starshade (1-5 m diameter) that must

be separated by several hundred kilometers. It was found that exoplanets with relative brightness of

at least 10�8 can be detected by a 20 cm telescope with integration times of tens of hours provided

that the host star is su�ciently bright. Because the resolving power of a telescope varies with the

fourth power of the diameter, imaging exoplanets with a 10 cm telescope is infeasible. However,

such a telescope can detect debris disks with surface brightness of at least 22 mag/arcsec2 with a

total integration time of a few minutes.

The performance of small starshades was analyzed by computing optimal petal shapes for a range

of shadow sizes, starshade radii, inter-spacecraft separation, and instrument spectra. A key finding of

this study is that the achievable suppression of a starshade is approximately a log-linear function of

the Fresnel number. Additionally, a family of small starshades was found that provide suppression

of 10�7 or better at inner working angles on the order of hundreds of milliarcseconds, which is

su�cient to enable imaging of the proposed science targets. The proposed starshade designs require

8-16 petals and have manufacturing and deployment tolerances of one to five microns in critical

error modes. Additionally, these starshades can tolerate drift along the line-of-sight of up to 1% of

the baseline separation.

7.1.2 Linear Dynamics Models for Spacecraft Relative Motion

To enable accurate control of the proposed distributed telescopes, a novel two-step derivation

methodology for state transition matrices for spacecraft relative motion was developed. First, a
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first order Taylor expansion is performed on the equations of motion. Second, the system of linear

equations is solved in closed-form by identifying a linear time-varying state transformation that

results in a time-invariant plant matrix with a simple structure. This approach can be applied to

multiple state definitions based on relative orbital elements and allows inclusion of both conservative

and non-conservative perturbations. Specifically, this work produced the first state transition ma-

trices that simultaneously include the e↵ects of J
2

and di↵erential atmospheric drag on formations

in arbitrarily eccentric orbits. These matrices are derived with and without a-priori models of the

atmospheric density. The latter models are derived by augmenting the state with the time deriva-

tives of a selection of state components due to di↵erential drag, which can be estimated in flight.

Additionally, these models are used to harmonize current literature on state transition matrices for

spacecraft relative motion and provide a simple geometric interpretation of the e↵ects of J
2

and

di↵erential drag on spacecraft formations.

The models are validated by comparing open-loop propagation of three test cases with a high-

fidelity numerical orbit propagator. These test cases are selected to span a wide range of orbit

eccentricities and inter-spacecraft separations. It was found that the density-model-free state tran-

sition matrices are the most accurate. These models are able to bound the propagation error over

ten orbits to a few hundred meters in along-track separation and a few meters in all other state

components. This accuracy is superior to all other linear models available in literature.

7.1.3 Impulsive Maneuver planning

To ensure that the formation is controlled as e�ciently as possible, a new algorithm was developed to

compute impulsive maneuver sequences that minimize the delta-v cost of formation reconfigurations

with fixed end times and states. This algorithm combines the advantages of previous approaches

based on reachable set theory and primer vector theory to e�ciently solve a larger class of opti-

mal control problems at low computation cost. Specifically, the algorithm can be used with a wide

range of cost functions that model the e↵ects of operational constraints such as attitude modes on

spacecraft. First, necessary and su�cient optimality conditions are derived for this class of optimal

control problem. These optimality conditions are leveraged to derive a procedure for quickly com-

puting a lower bound on the minimum cost for a specified problem. This lower bound is expanded

into a three-step algorithm that provides e�cient and robust computation of globally optimal im-

pulsive control input sequences. The geometry of the problem is leveraged in every step to reduce

computational cost and ensure that the algorithm is robust to corner cases.
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The algorithm is validated in three steps. First, the algorithm is used to solve a challenging

example problem based on a reconfiguration phase for the proposed formation. Second, a Monte

Carlo experiment is performed to demonstrate the robustness of the algorithm and characterize

the sensitivity of the computation cost to poor initializations. It is found that the algorithm is

able to compute a maneuver sequence with a total cost within 1% of the global optimum within 7

iterations in all test cases. The normalized residual error of all computed solutions was no larger

than 0.01%, indicating reliable convergence. Third, the required computation time was characterized

by deploying the algorithm on a space-qualified microprocessor for nanosatellites. It was found that

the total run time of this implementation was between 3 and 10 seconds for all test cases. Overall,

the proposed algorithm provides a real-time-capable means of computing globally optimal impulsive

control input sequences for a wide range linear time-variant systems.

7.2 Directions for Future Work

One of the results of this dissertation is a compelling demonstration of the value of a small star-

shade formation deployed in earth orbit. Indeed, the technology demonstration mission has been

recommended by NASA’s Starshade Readiness Working Group as a complement to ground-based

experiments. Additionally, a proposal based on the science mission was recently accepted by NASA

Astrophysics in their first call for small satellite missions. To further develop these mission concepts,

additional analysis and development is required in several areas as summarized in the following.

7.2.1 Target Selection

A very important topic is selection of the target star(s) for the mission. For a technology demonstra-

tion mission in a geosynchronous transfer orbit with a single target, the star should be as bright as

possible to enable detailed characterization of the optical performance of the starshade. The return

of such a mission could be augmented by selecting a target that has a known, bright planet that

can be imaged. However few stars have such bright planets with angular separations of hundreds

of milliarcseconds. Additionally, the search space is constrained by the availability of launches to

orbits with properly oriented angular momentum vectors.

On the other hand, target selection is simplified for science missions in LEO because the formation

is able to image targets in a large fraction of the sky. However, a key finding of this research is that the

delta-v cost of nominal operations for this mission varies depends on the distribution of declinations
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of the targets. This suggests that the yield of the mission could be increased by selecting the orbit

inclination to minimize the declination o↵set of the targets. Another option would be to select the

set of targets to minimize the declination o↵sets for a given launch opportunity.

7.2.2 Detailed Optical Design

The optical analysis presented in this dissertation resulted in two key findings: 1) scientifically inter-

esting targets such as bright exoplanets and debris disks can be imaged with reasonable integration

times with nanosatellite-compatible telescopes, and 2) small starshades with scientifically relevant

starlight suppression and inner working angles exist and are realizable. However, more detailed

models are required to determine the exact yield of a specified mission profile. Such models can be

used to determine observation profiles for each target that maximize the value of the collected data.

These observation profiles should account for expected size and density of the disk and other factors

such as the availability of infrared measurements for comparison. It is also necessary to develop

models of the images produced by these optical systems and the image processing algorithms needed

to produce scientific measurements.

7.2.3 Inclusion of Operational Constraints

The findings of this research are based on two fundamental assumptions: 1) all executed maneuvers

are impulsive, and 2) no state constraints are imposed during formation reconfigurations. However,

the results of simulations of the example science mission suggest that the impulsive control assump-

tion may not be realistic. Indeed, this assumption cannot hold if an electric propulsion system is

used for formation acquisition and reconfigurations between targets. As such, these mission phases

will require development of a maneuver planning algorithm for low-thrust control of the formation.

It is expected that such an algorithm can be developed through a generalization of the approach

used to develop the impulsive control algorithm.

It is also necessary to account for constraints on the relative state between the spacecraft. While

no collisions were observed during any conducted simulations, it is necessary to develop a control

logic that rigorously ensures a safe minimum separation between the spacecraft for a specified time

after each planned maneuver. Inability to include state constraints is a fundamental limitation of

the proposed impulsive maneuver planning algorithm. However, one way to overcome this limitation

would be to use a guidance logic that generates intermediate waypoints that ensure that collision

avoidance constraints (e.g. relative eccentricity/inclination vector separation) are satisfied at all



CHAPTER 7. CONCLUSIONS 133

times.

Another important consideration is the impact of maneuvers performed by the starshade on the

images collected by the telescope. At present, it is not known whether the exhaust plume from

thruster firings on the starshade will significantly degrade the images collected by the telescope.

To mitigate this issue, it may be necessary to shutter the telescope during thruster firings. If this

strategy is employed, it will be necessary to minimize the maneuver frequency during the observation

phase. It is expected that this can be accomplished by making either of the following modifications

to the mission. First, a more sophisticated control law can be developed predicts the evolution

of the lateral relative position to ensure that maneuvers are only performed close to the edge of

the shadow. The maneuver command logic can also be improved to better exploit the size of the

deadband. Second, the number and duration of the observations for each target can be customized to

ensure that the relative acceleration never exceeds a specified level, thereby bounding the maneuver

frequency.

7.2.4 Spacecraft System Design

It is also necessary to develop system designs for the telescope and starshade spacecraft. The re-

quirements for these system designs can vary widely based on the orbit of the formation. If the

formation is deployed in a geosynchronous transfer orbit, then the spacecraft must be designed to

handle the radiation environment and cope with sparse communication with the ground. If the

formation is deployed in low earth orbit, the challenges of coping with radiation and limited com-

munication are replaced by more demanding requirements on the propulsion and power systems.

However, it is expected that spacecraft designs that meet these requirement can be developed using

spacecraft components that are currently commercially available or in development. Indeed, a pre-

liminary design of both spacecraft for the science mission profile was developed as part of a proposal

that was recently selected by NASA Astrophysics. The mass and power budgets as well as lists of

commercially available components for these designs are provided in Appendix C.
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Starshade Error Budget
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Table A.1: Starshade error budget for contrast of 3⇥ 10�9.

Error parameter Random RMS Global Tolerance Units
Petal Clocking 4.00e-3 1.00e-3 rad
Petal Tip Clip 0.20 0.20 mm
Petal Radial 0.05 0.05 mm

Quadratic Bend Out-of-Plane 0.25 0.25 mm
Petal Tangential 0.2 0.2 mm

Out-of-Plane Bend Linear 0.5 0.5 mm
Quadratic In-Plane Bend 1 1 mm
0.5 cycle per segment sine 5 1 µm
1 cycle per segment sine 5 1 µm
2 cycle per segment sine 5 1 µm
3 cycle per segment sine 5 1 µm
4 cycle per segment sine 5 1 µm
5 cycle per segment sine 5 1 µm
X translation of segment 15 5 µm
Y Translation of segment 15 5 µm

Rotation of segment 15 5 µrad
Tip bend radial 50 50 µm
Tip bend lateral 50 50 µm
Tip bend clocking 100 100 µrad

S-shape 1 1 mm
Rotation about petal spine 0.01 0.01 deg

Ellipticity 0.5 0.5 mm
Sine thermal 1 cycle 2.00e-5 2.00e-5 CTE*dt
Sine thermal 2 cycle 4.00e-6 4.00e-6 CTE*dt
Sine thermal 3 cycle 4.00e-6 4.00e-6 CTE*dt
Sine thermal 4 cycle 4.00e-6 4.00e-6 CTE*dt
Sine thermal 5 cycle 4.00e-6 4.00e-6 CTE*dt

Uniform thermal expansion 2.00e-5 2.00e-5 CTE*dt
Radial gradient thermal 2.00e-5 2.00e-5 CTE*dt
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State Transition Matrices

B.1 J2 in Arbitrarily Eccentric Orbits
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@�e

�
2

�
2

c
131

=
@�ȧ
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@�B

�
2

c
133

=
@�ȧ
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@�B

@�ė
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B.3 J2 and DMF Drag in Eccentric Orbits
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B.4 J2 and DMF Drag in Arbitrarily Eccentric Orbits
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Appendix C

Spacecraft System Designs

C.1 Starshade Spacecraft Design

Table C.1: Starshade spacecraft mass budget for delta-v of 780 m/s with green bipropellant propul-
sion (Isp = 250 s).

Component CBE (kg) Contingency (%) Total (kg)
Payload/Starshade 30 40 42
Power 25 25 31.25
Command & Data Handling 8 25 10
ADCS/DiGiTaL 10 25 12.5
Propulsion 15 25 18.75
CubeSat Deployer 5 25 6.25
Thermal 5 25 6.25
Structure 24 25 30
Total (dry, margin 20%) - - 188.4
Propellant (37.5% of dry) - - 70.65
Total (wet, margin 20%) - - 259.05

Table C.2: Starshade spacecraft power budget assuming worst-case power drain in eclipse.

Component W (peak) W (avg) Storage (Wh)
Batteries 0 0 +138
Solar Panels 250 125 0
Propulsion -120 -40 -30
ADCS/DiGiTaL -50 -25 -37.5
Command & Data Handling -2 -2 -1.5
Margin 78 (31%) 58 (46%) 69 (50%)
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Table C.3: Starshade spacecraft commmercial component list.

Component Product
Bus BCT Microsat (reference) [107]
Navigation DiGiTaL [93]
Star Tracker BCT Nano Star Tracker [96]
Reaction Wheel BCT RW4 Reaction Wheel [108]
Nanosatellite Deployer ISIPOD CubeSat Deployer [109]
Propulsion Tesseract Lyra 22 Thruster [105]

C.2 Telescope Spacecraft Design

Table C.4: Telescope spacecraft mass budget.

Component CBE (kg) Contingency (%) Total (kg)
Payload/Telescope 2 40 2.8
Power 2 25 2.5
Command & Data Handling 1 25 1.25
ADCS/DiGiTaL 1.5 25 1.875
Thermal 0.1 25 0.125
Structure 1 25 1.25
Total (no margin) - - 9.8
Total (margin 20%) - - 11.76

Table C.5: Telescope spacecraft power budget assuming worst-case power drain in eclipse.

Component W (peak) W (avg) Storage (Wh)
Batteries 0 0 +32
Solar Panels 50 25 0
Telescope -10 -1.5 -3
ADCS/DiGiTaL -10 -10 -7.5
Communication -12 -3 -4
Command & Data Handling -2 -2 -1.5
Margin 16 (32%) 8.5 (34%) 16 (50%)
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Table C.6: Telescope spacecraft commercial component list.

Component Product
Structure GomSpace NanoStructure 6U [110]
Solar Array GomSpace Modular Solar Panels [111]
Power System GomSpace NanoPower P31u [112]
Batteries GomSpace NanoPower Lithium Ion Batteries [113]
Radio SDL Cadet Radio [114]
Navigation DiGiTaL [93]
Star Tracker BCT Nano Star Tracker [96]
Reaction Wheel BCT RWP050 Reaction Wheel [108]
Telescope Tip/Tilt Stage Mirrorcle S6180 [115]
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