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ADAPTIVE FILTER FOR OSCULATING-TO-MEAN RELATIVE
ORBITAL ELEMENTS CONVERSION

Corinne Lippe* and Simone D’Amico |

This paper addresses the osculating-to-mean conversion of relative orbital elements (ROE)
for orbits about principal axis rotators. Current approaches assume the gravity potential is
dominated by J> or constrain the cental body’s rotation rate. To overcome limitations, an
extended Kalman Filter (EKF) is presented that provides mean ROE estimates given osculat-
ing ROE measurements in quasi-stable orbits. Additionally, covariance matching is applied
to tune the measurement noise and account for uncertainties in gravity. The EKF is validated
using a high-fidelity orbit propagator and a Monte Carlo simulation, where accurate conver-
gence is achieved despite the execution of maneuvers and uncertainty in gravity parameters.

INTRODUCTION

Missions to asteroids have recently increased in popularity for both scientific and commercial purposes.
Firstly, asteroids contain information about the formation of the universe. Secondly, asteroids contain valu-
able materials such as platinum and gold, which can be mined for profit.""> Consequently, multiple corpo-
rations are developing or have launched missions to near-earth asteroids, including Japanese Aerospace Ex-
ploration Agency (JAXA),** National Aeronautics and Space Administration (NASA),>¢ and the European
Space Agency (ESA).” While these missions typically rely on a single, monolithic spacecraft, autonomous
spacecraft swarms provide multiple benefits. One, swarms have inherent redundancy through the use of
multiple spacecraft. Therefore, if a spacecraft failure occurs, the workload can be redistributed among the
remaining spacecraft without or with minimal loss of functionality. Two, autonomous spacecraft control
reduces reliance on the over-subscribed Deep Space Network (DSN). Three, previous studies have demon-
strated that multiple spacecraft probes are capable of navigating autonomously, estimating asteroid character-
istics such as gravity coefficients, and reconstructing 3D asteroid shape.®° In fact, the studies demonstrated
faster convergence to gravity coefficient estimates in comparison to monolithic satellite systems. This naviga-
tion capability is achieved by using radio-links for inter-satellite distance measurements and optical cameras
for asteroid feature tracking. These three benefits have encouraged the development of the Autonomous
Nanaosatellite Swarming (ANS) mission concept for asteroid missions.'%?

The ANS mission concept maps the gravity field coefficients and reconstructs the 3D asteroid shape by
leveraging autonomously controlled swarms. However, autonomous swarm control requires relative motion
information between the swarm spacecraft. Two popular options often used for relative motion representation
are Cartesian position and velocity or relative orbital elements (ROE). While Cartesian position and veloc-
ity are easier to directly measure, Cartesian-based optimal control approaches generally require numerically
intensive solutions, such as the brain storm optimization algorithm or sequential convex programming.' !4
Additionally, many optimization techniques cannot guarantee convergence.'* In contrast, minimum delta-v
solutions for ROE-based optimal control exist semi-analytically,'> and algorithms have been developed that
guarantee convergence to a globally optimal delta-v solution.!® These optimal solutions have been lever-
aged in formation-keeping algorithms for specific satellite swarm designs.!” In general, ROE-based control
schemes for autonomous swarms provide benefits over Cartesian-based ones.'®
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Typically control algorithms and solutions use mean ROE, but only osculating ROE are directly obtained
from instantaneous Cartesian position and velocity measurements. Mean ROE are defined by a set of elements
that vary slowly over time, while osculating ROE include short-period dynamic effects. Therefore, the use
of osculating ROE in control logic results in excess control effort to counter temporary effects, wasting fuel
and reducing mission lifetime. Therefore, osculating-to-mean orbital element conversions are required to
transform measured values into usable metrics for delta-v efficient control algorithms.'!

State-of-the-art conversions from osculating-to-mean states have typically focused on Earth-based systems.
As such, assumptions about the gravity field, such as Jo-dominance, are the basis of these approaches.!=2*
Specifically, many authors produce a Hamiltonian to convert between the osculating and mean elements, but
the Hamiltonian is expanded based on powers of J5. This is done by assuming .J, is orders of magnitude
larger than the remaining zonal potentials. Alternatively, other work ignores any gravity term besides .J, all
together.>+2% Comparatively, some literature makes no assumptions about .J, dominance but includes ones
about the rotation rate of the primary attractor body.?” Both .Jo-dominance and rotation rate assumptions
do not hold true for arbitrary asteroids. Alternatively, Kalman filters have been proposed that consider the
second-order gravity potential in reconstructing osculating absolute elements from mean absolute elements.”
Again, the low-degree gravity field consideration does not accurately capture osculating or mean orbital
elements for asteroid-centered orbits.

To overcome current limitations in the literature, this work presents an extended Kalman Filter (EKF) based
on ROE — not absolute orbital elements — and makes no assumptions about J5 dominance or the rotation
rate of the primary attractor. Specifically, the filter produces a mean ROE state estimate using osculating
ROE measurements. However, the differences between the osculating and mean ROE are correlated in time,
violating assumptions of the nominal EKF. Furthermore, the magnitude of the osculating effects may be
poorly known in missions as the gravity field is poorly known. For example, the ANS mission concept
assumes the gravity field is poorly known before the swarm visits or is deployed about the asteroid.

To that end, this paper presents two contributions to the state of the art. Firstly, this paper extends filtering
approaches that handle time-correlated measurements in the form of an EKF. Specifically, this paper extends
the EKF to include nonlinear dynamics and adaptive filtering techniques. Secondly, this paper demonstrates
the ability of the developed filter to produce an osculating-to-mean ROE conversion for quasi-stable aster-
oid orbits. The filter successfully converges to accurate estimates even in the presence of maneuvers and
uncertainty in the dynamics model.

The rest of the paper is organized as follows. To begin, the proposed EKF is presented. Next, relevant
background information — including previous Kalman filtering techniques and relative motion dynamics —
is reviewed. Then, previous time-correlated Kalman filtering approaches are expanded to include nonlinear
dynamical systems and adaptively tuned covariance matrices for asteroid applications. Next, a high-fidelity
asteroid orbit simulation validates the filter implementation. Results for filter convergence in a Monte Carlo
simulation are presented both with and without maneuvers and with inaccuracies in measured gravity har-
monics used for filter dynamics. The paper finishes with conclusions.

PROPOSED EKF

As stated previously, mean ROE are desirable for use in control applications for asteroid-orbiting swarms
to save fuel and extend mission lifetime. Typically mean ROE are calculated using osculating absolute
orbital elements for two spacecraft. The osculating absolute orbital elements are obtained from instantaneous
position and velocity measurements. The two sets of osculating orbital elements are then converted to mean
absolute orbital elements, which in turn are used to produce the mean ROE. However, the osculating-to-
mean conversion for the absolute orbital elements is typically accomplished using averaging or analytical
conversions. The averaging approach requires future measurements and is therefore not usable for real-
time control applications, such as swarm reconfiguration or keeping. Furthermore, analytical conversions
available in literature are designed for Earth orbits and assume .J, dominance.'®-?® This means that state-of-
the-art approaches cannot produce accurate mean ROE estimates for use in autonomous control of swarms
about asteroids.



Instead of using mean absolute orbital elements to construct the mean ROE, this work uses osculating ROE
constructed from osculating absolute orbital elements. Since gravitational short-period effects depend only
on position, differencing osculating absolute orbit elements to produce osculating ROE results in cancellation
of common modes for close spacecraft. As such, the amplitude of the short period effects of the osculating
ROE state is much less than that of osculating absolute orbital elements, meaning fewer oscillations need to
be removed by any further processing. Since previous work has demonstrated the ability of EKFs to remove
short period oscillations in absolute orbital elements,?® an EKF based on the ROE state is expected to be even
more effective in removing oscillations.

Given these considerations, an EKF is proposed with a state * € R™ defined to be the mean ROE and
measurements y € R" defined to be the osculating ROE, where m = n = 6. However, a typical EKF is
insufficient to serve as an osculating-to-mean conversion for two reasons. Firstly, since osculating ROE are
used as direct measurements of the state (i.e. mean ROE), the measurement errors (i.e. differences between
osculating and mean ROE) are correlated in time and have time dependency (c.f. Figure 1). The time
dependency is evident by the variation of the short-period oscillations over the mean argument of latitude w,
which is itself a function of time. The time-correlation is evident by the periodicity or frequency content of
the osculating ROE with respect to the mean ROE, as also demonstrated by the figure. The time-correlation
of the differences between osculating and mean ROE violates the assumption of the EKF and a revised
filtering approach is needed. Secondly, the variance of the osculating ROE with respect to the mean differ by
asteroid because the magnitude of the gravity coefficients determines the magnitude of the osculating effects.
Unfortunately, the gravity coefficients may not be known a priori for various asteroid missions. Therefore,
adaptive tuning of the measurement covariance matrix — representing the variance of osculating ROE about
the mean ROE — is necessary to encourage robust operation of the osculating-to-mean EKF.
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Figure 1: Differences between osculating and mean ROE for an asteroid orbiting satellite. The difference is
dependent on the mean argument of latitude, which is a function of time. Therefore, the difference between
osculating and mean ROE is clearly time dependent and periodic.

Consequently, two state-of-the-art techniques in Kalman-filtering need to be considered: 1) handling of
time-correlated measurement noise; and 2) adaptive tuning for estimation of the measurement covariance
matrix R;. Both of these approaches are briefly reviewed in the next section.

Notably, an EKF, not an Unscented Kalman Filter (UKF) is proposed. Generally a UKF is proposed
instead of an EKF for three reasons: 1) the dynamics are highly nonlinear, 2) the measurement model is
highly nonlinear, or 3) an extremely inaccurate initial estimate is available. However, for asteroid swarming
in quasi-stable orbits, the dynamics are not highly nonlinear given the slow variation of the mean elements
and the relatively frequent navigation measurements of representative missions.'” Notably, quasi-stable orbits
are desirable for the minimal information required on the gravity field. In order for filter dynamics to capture



resonance, additional information is required because the sectoral or tesseral components causing resonance
need to be known. The trade-off is a more limited orbit regime. Additionally, the measurement model is surely
linear because the identity matrix is used to map between the measurements and state, since the osculating
ROE measurements are approximated as mean ROE ones. Finally, an initial guess of the mean state is
provided by an osculating state measurement. While there can be tens of meters in difference between the
dimensionalized mean and osculating ROE, the difference is not significant enough to be destabilizing under
the operational assumption of close proximity swarm satellite operations. Therefore, an EKF is selected for
this work because a UKF would provide no benefits and because an EKF is more computationally efficient.

BACKGROUND

This section reviews the state-of-the-art in Kalman Filter and quasi-nonsingular ROE. The Kalman Filter-
ing techniques described in this section are used to produce the osculating-to-mean EKF, which leverages the
quasi-nonsingular ROE as the measurement and state vectors.

Kalman Filter

This section reviews three main topics related to Kalman filtering. First, the linear dynamics Kalman filter
is presented with associated notation for both filtering and one-step prediction applications. Second, the adap-
tive tuning approach for Kalman filtering known as covariance matching is reviewed. Finally, an approach for
time-correlated measurement noise filtering is presented,? which leverages the one-step prediction form of
the Kalman filter. These three topics are vital to the asteroid application described in the subsequent section.

Linear Dynamics Kalman Filter The nominal Kalman filter provides the least mean-square error estima-
tion of the state € R" for the linear system described by

Tit1 = Pz + w;
M

zi = Hizi + v,
where z € R™ is the measurement vector, v; ~ A (0, R;) is the measurement noise vector with covariance
R; € R™ ™ w,; ~ N(0,Q;) is the process noise vector with covariance Q; € R"*"™, &; € R™*" is the
state transition matrix (STM), and H; € R™*"™ is the sensitivity matrix relating the state and measurement
vector. Notably, the noise vectors v; and w; are independent, Gaussian white noise vectors. The cross-
covariance between w; and v; is described by the matrix .S; € R™*™, which is taken to be the zero matrix

due to the assumption of independence. The subscripts indicate the time step at which the vectors describe
the state, measurement, and noise.

Kalman filtering enables the estimation of state a; using measurements up to and including those at time
1. The formulas for filtering are described by
Ti|i—1 = ’1>i11’5i71|i71
Py, = q’ipi—u—lPi\Ti—l +Q:
i) = Tiji—1 + Ki(zi — Hixg)i-1)
Py, =(I—-KH)P, (I -KH)" +KRK],

(@)

where the term z; — H;x;);_; is the prefit residual. The subscript of the form a|b represents the estimation
of the state or matrix at time a given measurements up to and including those at time b. The set of formulas
represent the typical Kalman filtering approach for the state at time ¢ given measurements up to time ¢, where
x;); is the state estimate and F;; is the covariance of the state estimate. The expressions leverage the Kalman
gain, which is represented as i € R"*™.

Comparatively, an estimate of x;;; using measurements up to and including those at time ¢ is referred to
as a one-step prediction. The one-step prediction formulas are provided by
xiy10 = Pizy) + Di(zi — Hixy)y)

T T 3)
P, =(®;— D;H;)P,;(®; - D:H;) +Q:— D;R;D; .



where the term z; — H;x;); is the postfit residual and D is a gain matrix. In Equation (3), ;1 ); is the
one-step state prediction and P, 1), is the covariance of the one-step state prediction.

The gain matrices used in the filtering and one-step prediction equations are described by

K; =Py, H/ (H:P;;_H +R;)"" @

D, =S;R".

Combining the expressions in Equation (3) and (2), the least mean square error estimation of @;;; and
its covariance P 1}; using x;;_; and P;;_; can be described by

Tit1 = Py + (2K + D; — D:HK;)(zi — Hizg)i—1)

5
P,y = (®; — D;H;) ([I — KH,|Py; 1[I - KiH)|" + KiR K] ) (@, DH)" + Q. — DR.DT.

The result is a sequential estimation of the state and its covariance at each time step ¢ given measurements
up to the previous time step ¢ — 1.

Unfortunately, the basic Kalman filter assumes Gaussian white noise for both the measurement noise and
process noise. Furthermore, the covariance of these noises captured in matrices @; and R; are assumed to
be known a priori. The next section discusses approaches to produce estimates of Q; and R; during filter
operation.

Adaptive Filters Previous work by Mehra®*3! provides the foundation for adaptive filtering approaches

that tune the covariances matrices @; and R; in real-time to encourage filter stability and convergence. One
popular adaptive filtering technique is covariance matching, which was further developed by Myers.*? Myers
provides both an estimate of the noise covariance matrix R; and the process noise covairance matrix ;. For
brevity, only the formulation for R; is reviewed herein. Furthermore, while Myers includes formulations for
a non-zero mean measurement noise, the zero-mean formulation is provided here.

Myers recognized that an approximation of the measurement noise at each time step can be provided by
the formula
U = zi — Hi®gi1. (6)

Therefore, the unbiased estimator for the covariance of v;, denoted E [UUT] can be calculated as
1 N
I T T
E[’U’U ] = szg 1(27; inmi‘i,l)(zi 7H7,(Ez|7(,1) . (7)

The expected value of E[vv”] has been shown to be?

N
E[E[vv"]] = % > (HPy 1 H +Ri)". ®)

j=1

Combining Equations (6) through (8) results in an estimate of R; given by
. 1 X
R, = N ;(z, —Hix;q;)(z: — Hi$i+1|i)T - HiPi|i71HiT~ )

As a result, Myers produced an approach to adaptively tune the estimate of the measurement noise. This is
particularly useful for systems with time-varying measurement noise.

Unfortunately, Myers adaptive tuning approach and the previously provided Kalman filter formulation
assumes the measurements errors at each time are uncorrelated. The next section reviews how a one step-
prediction form of the Kalman filter can be used to whiten (or uncorrelate) time-correlated measurement
noise, enabling the use of Myer’s adaptive filtering approaches.



Time Correlated Measurement Noise Research by Bryson® presents a reformulation of a Kalman filter to
address time-correlated measurement noise, a necessity for the osculating-to-mean EKF. The general linear
system for which Bryson’s filter is developed for is described by

Tit1 = Pz +w;
zi=H;xz; +€; (10)

€ir1 = WYe; + uy,

where € € R™ is the time-correlated measurement noise vector and w € R™ is the white noise component
of the measurement vector. Notably, the noise vectors  and w are independent, Gaussian white noise
vectors. The covariance of w is Q; € R™*™ as before, and the covariance of w is Q; € R”™*". The matrix
¥ ¢ R™*™ ig the time-correlated measurement error state transition matrix. Again, as in the previous
subsection, the subscripts indicate the time step at which these vectors describe the state, measurement, and
noise.

Bryson attempts to whiten the measurement noise by considering a set of new measurements ¢ defined as
the difference in the original measurements according to

Ci = Zi4+1 — \I’Zi. (11)

Using the relations in Equation (10), the new measurements can be defined as

$i=Hiz + Hiw; +u;

, (12)
H' = H;®; — VH;,

where the only noise in the above expression is the random expression defined as a linear combination of
H;w; and u;. The matrix S; that represents the covariance between the measurements over time is no longer
0, as it was in the nominal Kalman filter. Instead, .S; is equivalent to Qin-T .

Because of the differencing, using measurements up to and including those taken at time % (z;) requires
using the new measurements up to and including time ¢ — 1 ({;—1). Therefore, the best estimate of x;
is technically a one-step prediction based on the estimate of x;_;. The one-step prediction represented in
Equations (3), and (5) can be applied with the measurement noise v; and covariance R,; reformulated as

vi = Hyw; + u;

_ (13)

The new one-step prediction equations become

Tt = P+ (Di + (P — DH] ) K;) (¢ — H @)5-1)

P, =(®: — D:H)) ((I —K:H])P;;_(I — KH))" + KszKzT) (®; — D,;H])" + Q: — D;R,D] .
(14)
Now, Equation (14) represents an estimate of x; using measurements with time-correlated noise.

The next section reviews the relative dynamics used to produce ®;, which is the STM required for the
aforementioned filter.

Relative Motion Dynamics: Mean ROE

This section reviews the relative motion dynamics required to formulate the osculating-to-mean EKF pre-
sented in the Approach Section. All ROE discussed from here forward are mean.



Relative Orbital Elements A set of ROE describes the relative motion of a deputy spacecraft with respect
to a chief spacecraft’s orbit. Multiple definitions of ROE exist,* but in this work, the quasi-nonsingular ROE
defined by D’Amico are used due to their simple relationship with relative motion for near-circular'® and
eccentric® orbits. The quasi-nonsingular ROE approximate the invariants of the Hill-Clohessey-Wiltshire
and Yamanaka-Ankerssen equations for near-circular and eccentric orbits, respectively.?>36

The quasi-nonsingular ROE (da, 0\, de, 61) include the relative semimajor axis, the relative mean longi-
tude, the relative eccentricity vector, and the relative inclination vector, respectively. The individual compo-
nents are constructed from the absolute orbital elements of a chief and deputy spacecraft, denoted with the
subscripts ¢ and d, according to

da (aqg — ac)/ac
da oA (ud — ue) + cosic(q — Q)
oA | dex | €x,d — €x,c
da = de | |dey | €y,d — €y.c ’ (15
0y sin ic(Qd — QC)

where a is the semimajor axis, u is the mean argument of latitude, 7 is the inclination, €2 is the right ascension
of the ascending node, and e, and e,, are the x- and y-components of the eccentricity vector. The x-component
of the eccentricity vector is aligned with the ascending node, and the y-component is perpendicular to the x-
component in the orbital plane.

The ROE are affected by radial (R), along-track (T), and out-of-plane (N) maneuver accelerations defined
in the RTN (or Hill) frame. In this frame, the radial direction is defined along the position vector; the out-of-
plane direction is defined by the chief spacecraft’s angular momentum vector; and the along-track direction
completes the right-handed triad. The changes induced by maneuvers are described by the control matrix I'
developed by D’ Amico'® for small spacecraft separations in eccentric orbits. The matrix is defined by

Apr(t)
Ada(t) = T(ae(t))Ap(t) = T(ac(t)) | Apr(t) |,
Apn (1)
[ %esinl/ %(l—l—ecosu) 0 i
i 0 0 (16)
Ploa) = 5 | 10 TR, S
an | —ncost Mooy tani TFecosv
0 0 i
[0 0 Ee il

where 6 is the true argument of latitude, 7 is equal to v/1 — €2, and Ap represents the impulsive delta-v
implemented by the deputy spacecraft in the RTN frame of the chief spacecraft. While the control matrix
is rigorously defined for osculating ROE, changes in the osculating ROE corresponds approximately to the
same changes in mean ROE due to the near-identity mapping between the osculating and mean states, as
mentioned in the section Proposed EKF.?’

Besides maneuvers, differential forces in the orbital environment (e.g. solar radiation pressure (SRP) or
non-spherical gravity fields) produces changes in the ROE. The next section describes how the ROE change
under common effects of the asteroid environment.

Asteroid Orbit Dynamics For a satellite orbiting an asteroid, the dominant perturbations experienced are
those due to non-spherical gravity and SRP. Notably, for non-spherical gravity, the only terms that produce
secular effects on the absolute orbital elements are the zonal terms, unless the satellite orbit has excited a
resonance mode. Available literature captures the effects on the absolute motion due to these perturbations
through orbital element time derivatives.*®*" In contrast, this paper focuses on the relative motion from
differential perturbations. The relative motion effects can be captured using the time derivatives of the ROE



constructed from the time derivatives of the absolute orbit, as described by41

da (aa — ac)/ac — acda/ac
oA (g — @) + (Qa — Qe) cosic — (i) diy
g 5695 ezc d — ez c
5 = . = . ’ . ’ . 17
7| sl Cy.d ™ Cy.e 4
0l ) ) (i)q — (Z)c
biy (Qq — Q) sinie — (i) 04y / tani.

The equations used for the time derivatives of the absolute orbital elements due to zonal potentials .J5, .J3, and
J4 for principal axis rotators and SRP effects are included in Appendix A. Previous work has demonstrated the
sufficiency of these perturbations in accurately modeling a quasi-stable, retrograde satellite orbit.!! Notably,
this dynamics model does not consider resonances or instabilities. Furthermore, the equations make no
assumptions about .Jo dominance or the spin rate of the asteroid, which follows the desire of the developed
EKF to be agnostic to gravity field characteristics and spin rates. The resulting effects of the perturbations
are described in the following paragraph and illustrated in Figure 2.

The ROE are perturbed under the effect of the even zonal potentials, with exception of da, the mean
relative semimajor axis. This follows from the fact that gravity is a conservative force. The second ROE § A
experiences a drift related to the other ROE parameters, but the drift is dominanted by Keplerian effects. The
Keplerian effect describes how a difference in the semi-major axis creates a difference in orbital period. As
a result, the spacecraft drift apart in the along-track direction over time. The Keplerian effect dictates a drift
rate proportional to a. 8/ ®, which dominates the effect of J5 that is proportional to a. 2 se experiences
a rotational drift from the even zonal coefficients. Specifically, the vector rotates at a rate equivalent to the
drift in the mean argument of perigee of the chief spacecraft’s orbit.'® In eccentric orbits, a linear drift in de
is induced with a magnitude relating to the difference in eccentricity. J¢ experiences a vertical linear drift
that is proportional to the magnitude of the even zonal terms and §7,. This follows from the fact that even
zonal gravity potentials affect {2 with a dependency on the orbit inclination. Therefore, a difference in orbit
inclination between two spacecraft (i.e. di,, # 0) creates a difference in the drift rates of {2 and results in a
changing di,, according to Equation (15). Previous work for Earth orbits has emphasized that a vertical ¢z
(i.e. 83, = 0) prevents uncontained growth in §% from the zonal potential effects.'®

The effects of the third zonal potential have some similarities and differences from the even zonal potential
effects on the ROE. Firstly, similar to the effects of the even zonal potentials, the relative semimajor axis
remains unchanged. Again, this follows from the conservative quality of the gravity force. Secondly, the
relative mean longitude drift due to J3 is proportional to a_ * and is therefore dominated by Keplerian effects.
Thirdly, for the relative eccentricity vector, the drift increases with the magnitude of the chief spacecraft’s
orbit eccentricity. The direction of the drift is a function of the chief spacecraft’s orbit inclination and ori-
entation of de and d¢. Fourthly, a drift is induced on the relative inclination vector that increases with the
magnitude of the eccentricity. The direction of the drift is independent of the orientation of §7.!!

The final relevant perturbation addressed here is SRP. It is assumed that a constant cross-sectional area is
illuminated by the sun. Under this assumption, the relative semimajor axis is unchanged. This lack of change
results from the balance of perturbation accelerations in the along-track direction over one orbital period. The
relative mean longitude experiences a drift that is again dominated by Keplerian influences because the SRP
magnitude is less than a. 3/2 at solar distances characteristic of near-Earth asteroids. The relative eccentricity
vector experiences a linear drift related to the difference in SRP ballistic coefficients between the deputy
spacecraft and the chief spacecraft. The direction of this drift is dictated by the absolute orbit parameters in
relation to the sun. A constant drift on the relative inclination vector is induced with a direction dependent on
the orientation of the relative eccentricity vector. Over the asteroid orbit around the sun, e and 7 will draw
an enclosed circle in their respective planes. However, over shorter periods of time (e.g. on the order of a few
spacecraft orbits), the drift appears linear.'!

The nonlinear dynamics reviewed in this section are leveraged in the aforementioned filtering approaches
to produce an osculating-to-mean conversion, as described in the next section.



Figure 2: Graphical representation of the secular perturbations on the mean ROE. The red arrow represents
Keplerian effects; the black arrow represents SRP; and blue arrow represents even gravity zonal potentials.
The effect of the even zonals on the relative eccentricity vector is broken into two components: 1) the rotation
from change in the argument of perigee; and 2) drift due to a difference in eccentricity. .J3 effects are not
included due to their high variability in magnitude and direction depending on orbital parameters.

ASTEROID APPLICATIONS

This section details the development of an EKF for osculating-to-mean conversions of ROE for asteroid-
orbiting swarms based on Bryson’s time-correlated measurement error filter and covariance matching. To
accomplish this, Bryson’s linear dynamic filter must first be expanded to accommodate nonlinear dynamics
through an EKF. Next, covariance matching is applied to the EKF.

Nonlinear Dynamics

The EKF can be used to incorporate a nonlinear dynamics model for the evolution of the mean ROE.
Specifically, the nonlinear dynamic expressions for the absolute orbital elements (see Appendix) due to per-
turbations from Js, J3, J4 and SRP are used to compute the ROE time derivatives as in Equation (17) provided
in the previous section. The ROE time derivatives from Equation (17), denoted dfti , are then integrated using
Euler’s method. Here, d/dt describes the instantaneous ROE derivatives at time index i, and At is the differ-
ence in time between step ¢ and ¢ + 1. Furthermore, maneuvers must be included according to Equation (16).

Therefore, the state update in Equation (10) is now represented as

Tiy1 = f(zs) +w;

dx; (18)

where  f(x;) = x; + 7 At + T (t)Av(t).

Note that Equation (18) follows the same semi-analytical propagation approach used in a recent publication
by the authors to accurately propagate mean ROE and assumes impulsive maneuvers.'!

Therefore the one-step prediction in Equation (3) is now described by
Tip1;i = f(@5) + Di(Cim1 — Hi ay)5). (19)

Furthermore, the STM @, used in the calculation of the state covariance can be found by numerically com-
puting the Jacobian through finite differences as

® =To.6 + BAL+ K
o da(Sa 4 Sy At) — S (S — oy At)
oo 200y At (20)
Kk = EAda,
Viel,2,...,6,kel1,2,....,6

Bri =

where the k and [ refer to components of the vector or matrix, 8y; € R' are the components of matrix
B € R6*C, ki, € R! are the components of matrix k, K € R5%6 is a diagonal matrix representing the



maneuver contribution to uncertainties, the factor £ € R™ represents a measure of uncertainty in the executed
maneuver, and o € RS is the time derivative of the ROE as a function of the ROE constructed by equations
in the appendix and Equation (17). Due to the slowly varying nature of the mean ROE and the approximately
linear time derivatives, the Jacobian calculation can be completed with various user-selected time inputs. This
paper utilizes At = 1000s, which is approximately 1% of the orbital period used in simulations described
later.

As aresult, the one-step prediction filter equations used by Bryson for linear dynamics have been extended
to utilize nonlinear dynamics, producing an EKF capable of handling the asteroid dynamic environment.
Notably, the dynamics only require an estimation of Jo, .J3, and Jy for quasi-stable orbits, as demonstrated
in previous work.!! These are values that can be estimated in early phases of the missions before the swarm
spacecraft deployment or during high altitude swarm operations, where these gravity potential values weakly
influence dynamics. As demonstrated later, the EKF is robust to errors in these parameters.

Adaptive Filtering

In addition to having nonlinear dynamics, the filter developed for asteroid missions must also be adaptive.
Specifically, the measurement noise covariance R; must be estimated online. Notably, process noise estima-
tion is not addressed. However, the mean elements evolve extremely slowly such that the process noise is
orders of magnitude lower than the measurement noise. Furthermore, process noise has a large contribution
from errors in .J3, J3, and Jy, so estimation errors of these parameters provided by the navigation!® can be
used to initialize Q). Additionally, since all other gravity perturbations will have a lower magnitude influence
than these parameters, Jo, J3 and J4 can be used to bound the uncertainty contribution from the remaining pa-
rameters. Comparatively, the measurement noise is highly dependent on the entirety of the gravity field. This
follows from the fact that all gravity parameters contribute to the magnitude of the osculating ROE. There-
fore, the uncertainty in the measurement noise is larger than the uncertainty in the process noise, requires
more information to estimate, and is generally larger than the process noise, dominating filter convergence
properties. Consequently, only measurement noise covariance matching is addressed here.

_ The measurement noise formulated in Equation (13) is defined as a sum of the matrix products of ; and
Q;. Furthermore, note that in the osculating-to-mean EKEF, the sensitivity matrix H; representing the Jaco-
bian between the state and measurement vector is approximately identity according to Roscoe.3” Therefore
the noise covariance is equivalent to

R; :QerHzQzHLT =Q;+Q.. (21)
In the formulations of Bryson, Q; only appears in R; and never individually. Therefore, by adaptively tuning
R;, the necessary information about @; is obtained.
By rearranging the expressions in Equations (12) and (11), an estimate of the random noise sequence can
be expressed as
H;,w; +u; = CZ — Hfmm = (Z¢+1 — ‘I’Zi) — (HZ'@Z — \IlHl)a:m (22)
An unbiased estimate of this random sequence can also be calculated using a sliding window as

E[(Hb; + ) (Hib; + ;)] =

1 & T (23)
N Z <(zi+1 — \Ilzi) — (Hﬁi’l — ‘I’H»L):L',h) <(zi+1 — \Ilzi) — (Hﬁi’l — ‘I’H»L):L',h) .
i=1
The covariance of this random sequence when Hj is identity is equivalent to

= E[szzszHlT + uiuzr] = H,Q:H +Q; =Q.; + Q; = R..

The second equality holds because u; and w; are noise vectors with independent, white noise distributions.
Combining the expressions in Equations (23) and (24) results in the following estimation of R;,

R, = ;;i ((zz-+1 —Wz) — (B — \Il)a:m> ((zi+1 —Wz) — (P — \Il)m“->T. (25)
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Note that the formulation in Equation (25) is guaranteed to produce a positive-definite matrix. Given the fact
that the osculating effects repeat every orbit, the obvious selection for N is T,/ At, where T, is the orbit
period and At is the time step between filter calls. Therefore, an estimate of the matrix R; is found through
the use of ;41 and z; (the measurements at time ¢ + 1 and ¢) and x;); (the state estimate at time ¢ given new
measurements ¢ up to time 2).

Using adaptive tuning of R; in Equation (25) and nonlinear dynamic extensions presented, the resulting
EKF can be applied to the osculating-to-mean ROE conversion, as documented in the Results section.

RESULTS

This section applies the formulated EKF to the osculating-to-mean ROE conversions. Specifically, the EKF
performance is evaluated for realistic asteroid-orbiting scenarios with a focus on near-circular quasi-stable
orbits. However, no assumptions have been made about eccentricity. Therefore, future work will include
eccentric orbit testing. The simulation setup is described and is followed by application of the filter to three
different test cases: 1) the filter is applied to a non-maneuvering chief and deputy spacecraft where the
gravity coefficients (Js, J3 and Jy) used in the filter dynamics are known exactly; 2) the osculating-to-mean
conversion is applied in the case of a maneuvering deputy spacecraft, where J», J3, and J4 are known exactly;
and 3) the osculating-to-mean conversion is applied to a non-maneuvering chief and deputy spacecraft pair
where Js,J3, and Jy used in the filter dynamics have been incorrectly estimated by published navigation
algorithms'® with an error of 30%. Each test case consists of two simulations, as described in the following
subsection.

Simulation Setup

In all three test cases, a realistic orbit environment is simulated with relevant dynamic parameters as shown
in Table 1. Furthermore, all simulations involve a chief and deputy spacecraft with parameters defined in
Table 2. Note that the osculating relative orbit of the deputy (adc) begins as an E-I vector-separated binary
pair defined by D’ Amico'® for passive safety. However, an along-track separation for stereoscopic imaging
of the asteroid is included.

Table 1: Simulation Parameters

Simulation time 12 Orbits

Integrator Runge-Kutta (Dormand-Price)

Step size Fixed: 10s

Gravity model 15" degree and order

Third body gravity Point masses, analytical ephemerides

Third bodies included Sun, Pluto and the eight planets

SRP Constant satellite cross-section normal to sun

Additionally, each test case involves two simulations: 1) an Eros-like asteroid with inflated J3 and Jy
parameters that serves as the central body; and 2) a Monte Carlo simulation, which sweeps different orbital
inclination and arguments of perigee and samples different gravity coefficients. First, the Eros-like asteroid is
meant to stress the algorithms. For this asteroid, the Eros gravity coefficients have been changed to represent
a non-J, dominant environment with large J3 and J4 terms. The parameters for this simulation, including
the chief orbit, are provided in Table 3. Note that the parameters for Csg, C3g and Cyq are provided instead
of J, through Jj, but they can be related through a simple transformation.*> The C coefficients are provided
because these are the parameters available for the asteroid gravity models.***” The values for Cyg, C39 and
Cyo were chosen using realistic upper bounds for C'sy and Cyg based on available asteroid data.***’ Second,
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Table 2: Chief and Deputy Satellite Parameters

Chief satellite cross-sectional area 0.0900 m?

Deputy satellite cross-sectional area 0.0846 m?

Chief and deputy satellite SRP coefficient 1.2

ABsrp 0.001296 m?/kg

Chief and deputy satellite mass Skg

Initial osculating ada (m) for non-maneuvering scenarios [0 2000 0 400 0 400]

(Section 3.6 and 3.8)

Initial osculating ada (m) for maneuvering scenarios [0 0 0 400 0 400]
(Section 3.7)

a Monte Carlo simulation is presented with various retrograde orbits at low altitudes for asteroids by changing
the J, through Jy coefficients. Retrograde orbits are chosen because they are more likely to be quasi-stable
and not excite resonances. However, even near polar orbits are avoided. This is because work by Scheeres*®4°
demonstrates that near-polar orbits tend to be unstable due to large variations in the eccentricity that can cause
the satellite position to dip below the ejection radius. Therefore, higher retrograde orbits are less likely to be
unstable in comparison to near-polar ones. The parameters for the retrograde orbits and the ranges of Cyg,
Cs0, and Cyg simulated are presented in Table 4. For each possible combination of chief orbital elements
in the table, five sample asteroids were randomly generated with the gravity coefficients Cyg through Cjyg
randomly sampled with uniform probability from the provided interval (see Table 4). The mapping between
simulation ID and the changing orbital parameters is provided in Table 5, where each simulation ID has a
randomly generated asteroid. Importantly, the reference radius (R. = 16km), central body gravity (¢ =
4.4630 E5 m 3/s?), and the central body rotation rate (. = 3.3117 E — 4 rad/s) are unchanged between the
two simulations and are modeled after true Eros values.®

In the Monte Carlo simulation, comparison charts are provided with the state-of-the-art, including Schaub’s
iterative approach? and the basic EKF. In discussing the comparison of Schaub’s iterative approach and the
basic EKF, the EKF produced in this work will be referred to as the TA-EKF. The TA-EKF stands for time-
correlated measurement noise, adaptive EKF.

Table 3: Eros-variant Simulation Parameters

CQO 030 040 a € ) Q w
-0.03 0.03 0.03 60km  0.01 135° 45° 90°

For the simulations, the relevant filter parameters are provided in Table 6. Included in the table are the
initial process noise covariance matrix @, the initial measurement noise covariance matrix Ry, the variance
of the zero-mean Gaussian white noise added to the true osculating ROE measurements o2, to represent
navigation error,'? and the matrix W defined in subsection Time-Correlated Measurements. The value for
Qo was chosen based on dynamic model uncertainties from previous work.!! The model chosen for ¥ in
Equation (10) follows a first-order Gauss-Markov process described by

€it1 = eAt/Tei + w;, (26)

where 7 is a time constant. Therefore, W is a diagonal matrix with entries equivalent to e2*/7, where At is
the filter time step. In this paper, 7 is a time constant that represents the osculating effects. Therefore, 7 is
chosen to model the tenth degree and order osculating effects. The choice of the tenth degree and order stems
from the fact that increasingly higher degree and order terms contribute less and less to osculating effects, so
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Table 4: Monte Carlo Simulation Parameters

Cao [-0.03, 0.03]

Cso [-0.03, 0.03]

Cao [-0.03, 0.03]

a 60 km

e 0.01

i [100°, 135°, 170°]

Q 90°

w [1°,46°,91°, 136°, 181°, 226°, 271°, 316°]

Table 5: Orbit Parameters to Simulation ID mapping

) Simulation ID w Simulation ID
1° (1-3, 25-27, 49-51, 73-75, 97-99)
170° (1,4,7,... 118) 46° (4-6, 28-30, 52-54, 76-78, 100-102)

91° (7-9, 31-33, 55-57, 79-81, 103-105)

136° (10-12, 34-36, 58-60, 82-84, 106-108)
135° (2,5.8,... 119) 181° (13-15, 37-39, 61-63, 85-87, 109-111)
226° (16-18, 40-42, 64-66, 88-90, 112-114)
271° (19-21, 43-45, 67-69, 91-93, 115-117)
316° (22-24, 46-48, 70-72, 94-96, 118-120

100°  (3,6,9,... 120)

degree 10 is selected as the last relevant degree. The value for 7 is computed as

@7

The expression in Equation (27) represents the time a retrograde orbit passes through one period of the
osculating effects of the tenth degree gravity perturbation. This is because the satellite orbits back to the
same longitude in the asteroid fixed frame in 27/(n + w). Dividing the value by ten represents the time
period in which the satellite moves through one period of the tenth degree sectoral gravity perturbation.
Notably, too large a value of 7 could create divergence by not considering higher order osculating effects.
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Table 6: Filter Parameters

Time step 10 min
0.003 0 0 0 0 0
0 03 0 0 0 0
Q 0 0 06 0 0 0
0 0 0 0 06 0 0
0 0 0 0 0.005 0
0 0 0 0 0 0.005
Ry 1000 Igyq
aga 5 m?
v 0.691 Igx6

Without Maneuvers

The results of the TA-EKF performance in an orbit simulated about the Eros-variant asteroid are provided
in Figure 3. The blue line represents the differences between the osculating ROE and the true mean ROE, the
red line represents the differences between the estimated mean ROE and the true mean ROE, and the black
lines indicate the 30 of the state estimate. Furthermore, a text box is included to provide both the estimated
state error and the 30 averaged over the last orbit. The true mean is computed as the centered average over
one orbital period of the osculating orbital elements. As demonstrated, the TA-EKF successfully removes
osculating effects in all six ROE parameters. This is reinforced by all mean errors over the last orbit being
within 2 meters and well within the 30. Note that the standard deviations for ade and ad\ are the largest.
This results from the higher osculating effects and the fact that these parameters are largely influenced by
unmodeled dynamics. Comparatively, the filter variance for the relative semimajor axis converges quickly to
a small value because the mean relative semimajor axis does not change under effects of the gravity potential
and the assumption that a constant cross-sectional area is illuminated by the sun.
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Figure 3: Filter results for an Eros-variant asteroid. The differences between osculating and ground truth
mean ROE are shown as a blue line. The differences between the EKF mean state estimate and the ground
truth mean ROE are shown as a red line. The black lines indicate the 3¢ state covariance.

The results for the TA-EKF performance in the Monte Carlo simulation are provided in Figure 4. The
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mean errors between the true mean ROE and the estimated mean ROE over the last orbit is represented as
black dots, and the mean 3o of the state uncertainties over the last orbit is represented as the solid black lines.
As the figure demonstrates, the TA-EKF convergences to an accurate representation in all cases.

Included in Figure 4 are other state-of-the-art methods. The blue circles represent the largest error in the
mean estimates provided by Schaub’s iterative method for each simulation.?> For this approach, the largest
errors in adi, were consistently at 374 km for over 40 simulations, and the largest error for ade, was 289m
for simulation ID 42.

Additionally, the results when using a basic EKF that does not consider time-correlated measurement
noise and adaptive filtering techniques are provided in red. Similarly to the TA-EKF, the red dots represent
the mean error of the EKF averaged over the last orbit, and the red lines represent the mean 30 of the EKF’s
state uncertainty over the last orbit. Notably, the estimates for the ad% and ada are similar in accuracy to
the adaptive filter. However, the estimates for the ade and ad\ are consistently incorrect with errors that
often exceed the 30 bound with respect to zero. Such statistics demonstrate divergence of the EKF in ade
and adA. However, the divergence does not occur for all simulation IDs. This results from the fact that
the measurement noise must carefully be tuned for each individual asteroid to ensure convergence. Such an
approach is not viable for asteroid applications, because the gravity field is poorly known before visitation by
the swarm. Therefore, an accurate estimate of the measurement noise is not possible before visitation.
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Figure 4: Monte Carlo simulation results for an Eros-variant asteroid. The black dots represent the mean
error of the TA-EKF over the last orbit of simulation. The black lines represent the 3¢ of the state covariance
from the TA-EKF averaged over the last orbit. The red dots represent the mean error of the basic EKF
over the last orbit of simulation. The red lines represent the 30 of the state covariance from the basic EKF
averaged over the last orbit. The blue circles represent the maximum error of Schaub’s iterative method over
the simulation time.

With Maneuvers

In this section, a maneuver is simulated in the [V (out-of-plane) direction for 50 seconds implemented after
four orbits in simulated time. In the filter, this is treated as an impulsive maneuver, which can occur over
multiple measurements. The chosen thruster models the Busek-100, which produces 100uN of thrusting
force.”® The maneuver implemented in the filter has a 10% magnitude error and approximately a 1° error in
direction. This error was introduced to model the difference between commanded actuation and the produced
actuation during spacecraft operations. As such, the TA-EKF and EKF are fed a commanded actuation with
these errors while the ground truth experiences the true commanded actuation.
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Figure 5: TA-EKF performance results for an Eros-variant asteroid in the presence of maneuvers. The
differences between osculating and ground truth mean ROE are shown with a blue line. The differences
between the TA-EKF mean state estimate and the ground truth mean ROE are shown with a red line. The

black lines represent the 3o state covariance.
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Figure 6: Monte Carlo simulation results for an Eros-variant asteroid in the presence of the maneuvers. The
black dots represent the mean error of the TA-EKF over the last orbit of simulation. The black lines represent
the 3o of the state covariance from the TA-EKF averaged over the last orbit. The red dots represent the mean
error of the basic EKF over the last orbit of simulation. The red lines represent the 3¢ of the state covariance
from the basic EKF averaged over the last orbit. The blue circles represent the maximum error of Schaub’s
iterative method.

The results of the TA-EKF performance with the Eros-variant in the presence of maneuvers are illustrated
in Figure 5 where the color identification is identical to Figure 3. Even in the presence of maneuver error, the
TA-EKEF is able to converge to well within 30 of zero error. Note that all parameters could not be recorded
in the time-frame of 3.5 to 4.5 orbits. This occurs because the maneuver creates instantaneous jumps in the
ROE at an actuation time of 4 orbits. Because the true mean ROE are calculated as the centered average over
one orbit period, the true mean elements calculated within a half-orbit period of the maneuver include this
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instantaneous jump and are therefore invalid. Consequently, a gap in the data is used to represent the lack of
an accurate mean state estimate.

In comparison to the previous section and Figure 3, the 30 values are larger. This arises because the
maneuver creates an unstable swarm, meaning the spacecraft drift apart. Specifically, the maneuver induces
a difference in inclination that causes an increase in the differential perturbations between the chief and
deputy spacecraft. As the spacecraft drift apart, fewer osculating effects cancel between the two sets of
orbital elements. Consequently, the osculating effects and the TA-EKF uncertainty increase because the
measurements essentially contain more noise. While the TA-EKF is still able to remove the osculating effects,
more osculating effects exist in the mean state estimate. As a result, the mean state estimate varies more over
an orbit period, and the variance increases. However, the variance is still small compared to the separation
between the spacecraft. Relative motion control is still achievable, but a slightly less accurate relative motion
control is possible at farther spacecraft distances. This is not a concern because extremely precise relative
motion control is necessary only at close separations to guarantee safety and the increase in variance occurs
at a rate much smaller than the rate of increase of spacecraft separation.

The results for the Monte Carlo simulation are provided in Figure 6, where the color identification is
identical to Figure 4. As demonstrated, the TA-EKF accurately captures mean ROE, even in the presence of
maneuvers. This is obvious from the fact that the mean error always falls near zero and within the 30 bound
of zero. Comparatively, the basic EKF struggles to capture the relative mean longitude in the presence of
maneuvers when compared to a simulation without maneuvers, as shown in Figure 4. This is represented by
the numerous spikes in the A\ mean error that reach up to tens of meters in Figure 6 in comparison to Figure
4. Furthermore, the estimates of the relative inclination vector are consistently higher in comparison to the
non-maneuvering case. Additionally, Schaub’s iterative method has consistently high error on the order of
tens of meters for the in-plane ROE, as in the non-maneuvering case. This high error is especially detrimental
in the estimate of the mean relative semimajor axis because tens of meters of error in da can wrongly predict
significant increases or decreases in d\ based on Keplerian dynamics. As such, using this kind of highly
inaccurate da can create instability in control logic by encouraging excessive maneuvering.

Misestimation of Gravity Zonals J> Through J,

In this section, the TA-EKF results are presented for when incorrect values of Jo, Js3, and J4 are used in
the dynamics update of the EKF. Specifically, .J, and J3 are overestimated by 30% and J; is underestimated
by 30%. This represents a large multiple of the steady state error from previous work on gravity recovery
operations used in asteroid swarming missions.'® Furthermore, the overestimate and underestimate errors in
the zonal parameters are chosen such that the effects on relative motion would compound.

The results for the Eros variant are presented in Figure 7. The TA-EKF converges to the accurate estimation
of the ROE even in the case of incorrect gravity estimates. This is not unexpected because the gravity
coefficients cause the mean elements to vary slowly, meaning that the process noise is still large enough to
capture these relatively insignificant changes between time steps. Furthermore, the 30 bounds produced are
similar to those in the nominal case where correct values of J», J3 and J, were utilized in TA-EKF dynamics
propagation. Consequently, incorrect estimates of these zonal parameters do not significantly influence the
convergence of the TA-EKF.

The Monte Carlo simulation results are presented in Figure 8. The TA-EKEF still converges to an accu-
rate estimation of the ROE even when the gravity coefficients are not estimated correctly, demonstrating the
robustness of the TA-EKF to the gravity environment. In comparison, Schaub’s method still produces signif-
icantly high errors that are not largely different from the nominal case. This is as expected because Schaub’s
method depends only on J> and because his iterative approach is able to overcome the error in magnitude.
However, the basic EKF still demonstrates large errors, in particular on the estimates of the relative eccen-
tricity vector. Even so, the errors are of similar magnitude to the nominal case in Figure 4, demonstrating that
EKFs in general are robust to errors in the gravity coefficients.
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Figure 7: TA-EKF performance results for an Eros-variant asteroid. The differences between osculating and

ground truth mean ROE are shown as a blue line. The differences between the EKF mean state estimate and
the ground truth mean ROE are shown as a red line. The 30 deviation represented by the black lines captures
a zero-mean error, demonstrating the accuracy even in cases of misestmated gravity potentials.
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Figure 8: Monte Carlo simulation results for an Eros-variant asteroid, where incorrect values of Jo-Jy are
used in the TA-EKF and basic EKF filter dynamics. The black dots represent the mean error of the TA-EKF
over the last orbit. The black lines represent the 3o of the state covariance from the TA-EKF averaged over
the last orbit. The red dots represent the mean error of the basic EKF over the last orbit of simulation. The
red lines represent the 30 of the basic EKF state covariance averaged over the last orbit. The blue circles
represent the maximum error of Schaub’s iterative method.

RESONANCE

In all previous test cases, only quasi-stable orbits were simulated. This is because the TA-EKF dynamics
do not address resonance. For comparison, the TA-EKF results for a non-quasi stable orbit with a semimajor
axis of 60 km, inclination of 100°, an eccentricity of 0.01, a RAAN of 90 °, and an argument of perigee of
45° are provided below in Figure 9.

As demonstrated by the figure, the ROE estimates diverge from the truth. In particular, the estimates
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Figure 9: TA-EKF performance results in an unstable orbit for an Eros-variant asteroid. The differences
between osculating and ground truth mean ROE are shown as a blue line. The differences between the TA-
EKF mean state estimate and the ground truth mean ROE are shown as a red line. The 30 deviation is
represented by the black lines.

diverge for the relative mean longitude and relative eccentricity vector. This arises from the fact that a
resonance is excited which largely affects the argument of perigee as demonstrated in Figure 10. In Figure
10, the argument of perigee experiences a sudden and large change at approximately 5 orbits. At this same
time, fluctuations begin in the relative eccentricity vector estimates. The TA-EKF attempts to recover but
cannot accommodate such a large difference between the modelled and true dynamics.
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Figure 10: Graphical representation of the chief’s argument of perigee over an orbit that excites a resonance.
The argument of perigee undergoes a significant and sudden change around approximately 5 to 8 orbits in
simulation time.

CONCLUSION

For asteroid missions, autonomous spacecraft swarms present significant advantages over their monolithic
counterparts. These advantages include inherent redundancy and reduced reliance on the Deep Space Net-
work (DSN). For gravity and shape recovery purposes, the swarm also exhibits faster convergence on esti-
mated gravity and surface coefficients. However, the autonomous relative control of these swarms requires
accurate conversions from osculating ROE measurements to mean ROE for use in relative motion control
algorithms. These conversions must be achieved with little a priori information about the gravitational envi-
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ronment of the asteroids to be visited. Consequently, this paper presents and validates an extended Kalman
filter (EKF) with adaptive tuning that is robust to uncertainties in the gravity field of the asteroid. The ap-
proach makes no assumptions about the gravity field but does assume the central body is a principal axis
rotator and that the swarm is in a quasi-stable orbit. Furthermore, no assumption about eccentricity has been
made, so the filter is applicable to near-circular and eccentric orbits.

The produced EKF utilized a state vector of mean relative orbital elements (ROE) and a measurement vec-
tor of osculating ROE. The filter expanded on the state of the art through two approaches. Firstly, this paper
extends a linear dynamic Kalman filter with time-correlated measurement to include non-linear dynamics in
the form of an EKF for asteroid-orbit applications. Secondly, covariance matching is implemented on the
measurement noise covariance matrix to prevent filter divergence and instability due to the unknown asteroid
environment. The covariance matching guarantees a positive definite matrix, which aids in filter stability.

The developed EKF is validated on an Eros-variant asteroid with inflated .J;3 and J4 parameters and in a
Monte Carlo simulation with 120 randomly generated asteroids. Both the Eros-variant asteroid and Monte
Carlo simulation results are provided in three test cases: 1) a non-maneuvering chief and deputy spacecraft
pair; 2) a chief and deputy spacecraft pair with a maneuvering deputy spacecraft; and 3) a non-maneuvering
chief and deputy spacecraft pair where the gravity zonal terms utilized in the dynamics model of the filter
were misestimated by 30 %. When the spacecraft formation remains within the region of validity for the
dynamics model (i.e. quasi-stable orbits, non-resonant), the filter is able to converge to an accurate estimate
of the ROE whether maneuvers are included or not. Furthermore, the EKF converges to an accurate mean
ROE estimate even when incorrect gravity potential values for Js, J3 and Jy are used in the filter dynamics.
All of these results suggest that the filter is robust to both maneuver errors and usage of incorrect gravity
coefficients, which is particularly vital for autonomous asteroid swarming missions where maneuvers are
necessary and the asteroid’s gravity field is uncertain.
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where ® = 1367Wm ™2 is the solar flux at 1 AU from the Sun, c is the light speed, ¢, is the distance of the
Sun from the asteroid and B = % is the spacecraft ballistic coefficient, with C,. reflectivity coefficient, A
illuminated area, m spacecraft mass.
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